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THE SYNTHESIS OF THE ELEMENTS FROM HYDROGEN *
F. Hoyle

(Received 1946 April 6 1)

Summary

Stars that have exhausted their supply of hydrogen in regions where
thermonuclear reactions are important enter a collapsing phase. If the
mass of the star exceeds Chandrasekhar’s limit collapse will continue until
rotational instability occurs. Rotational instability enables the star to throw
material off to infinity. This process continues until the mass of the
remaining stellar nucleus becomes of the order of, or less than Chandrasekhar’s
limit. 'The nucleus can then attain a white dwarf equilibrium state.

The temperature generated at the centre of a collapsing star is considered
and it is shown that values sufficiently high for statistical equilibrium to exist
between the elements must occur. The relative abundances of the elements
can then be worked out from the equations of statistical mechanics. These
equations are considered in detail and it is shown that a roughly uniform
abundance of the elements over the whole ofthe periodic table can be obtained.
The process of rotational instability enables the heavy elements built up
in collapsing stars to be distributed in interstellar space.

The results arising from the discussion of the formation of heavy elements
lead to a natural explanation of the difference between novae and supernovae.

1. Introduction

1.I. Preliminary remarks.—The rate at which nuclear re ctions take place
in a thermodynamic assembly of material particles and radiation is negligible
at ordinary temperatures, except in the case of radioactive nuclei. But as the
temperature T increases, the thermal energy of the particles increases until for
temperatures in the neighbourhood of 5 x 10° °C. appreciable penetration of the
Coulomb barriers of the nuclei by protons and «-particles occurs. Thus, provided
the density of the particles is high enough for collisions to be sufficiently frequent
~ the rate of nuclear reactions becomes important at very high temperatures.
Indeed for sufficiently large p, T the interchanges between nuclei of different
atomic weights and nuclear charges become so rapid that statistical equilibrium
is set up between the nuclei. The relative abundances of the various elements
can then be calculated in terms of p, T from the equations of statistical mechanics.
Moreover the relative abundances so calculated are independent of the initial
composition of the assembly. Thus if we start with an assembly of hydrogen
at low temperature and p, T are increased until statistical equilibrium occurs
the relative abundance will be independent of starting with hydrogen and would
have been the same if, for example, we had started with an assembly of helium.
The work of Section 5 shows that statistical equilibrium will be set up in a time
interval of less than 100 seconds when p=107 gm. per cm.? and T'=4 x 10° °C.
This result is very sensitive to the value of 7 but not to the value of p.

* The writer is indebted to a referee for valuable suggestions concerning the preparation of
this paper.
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No attempt will be made in the present paper to discuss non-statistical con-
ditions of synthesis of the elements from hydrogen. It is, however, of interest
to consider whether this restriction will affect the generality of the conclusions
reached. In the writer’s opinion no such restriction can arise. There are two
arguments that support this point of view. Firstly in order to synthesize the
heavy elements on the scale required to explain the occurrence of the heavy .
elements in the Earth it is necessary that a large number of interchanges between
atomic nuclei shall take place, and that these interchanges take place over the
whole range of atomic weights. This, however, is essentially the condition
required for statistical equilibrium. Stated otherwise, the present argument
means that if an appreciable fraction of the hydrogen is to be converted into heavy
elements then statistical equilibrium must occur (at any rate approximately)
since the number of nuclear reactions necessary to bring about the synthesis
must be comparable with, or greater than, the number of particles involved
(if only a minute fraction of the hydrogen were converted into heavy elements
then non-statistical processes such as occur in laboratory nuclear physics could
take place). In addition to this general argument there is an important special
argument. In order to synthesize the naturally radioactive elements it is
necessary to consider reactions that are the reverse of the radioactive dis-
integrations.  Under statistical equilibrium no special difficulty arises, but
under non-statistical conditions it seems impossible to proceed (in a reverse
direction) along the radioactive series beyond such extremely short-lived nuclei
asRaC' and ThC'.

The above remarks suggest the problem of finding values of p, T such that
the statistical equations give the relative abundances of the elements observed
in nature. The phrase “in nature’ requires some discussion. 'The information
available concerning the distribution of the elements may be summarized as
follows :—

. (x) It is known that a large quantity of material occurs both in the Galaxy
and in the extragalactic nebulae in the form of a diffuse interstellar gas. Although
the amount of this material is not yet accurately determined, there is important
observational evidence in favour of the view that the total mass of interstellar
material in a nebula exceeds the combined masses of the stars by an appreciable
factor. The interstellar material is believed to consist very largely of hydrogen,
the quantity of heavy elements amounting to only a few per cent. at most. The
heavy elements are present partly in gaseous form and partly as interstellar dust.

(2) As a result of a fairly thorough analysis of the structure of the stars it is
now known that a large fraction of the combined masses of the stars is due to
hydrogen. In certain stars hydrogen contributes at least 70 per cent., whereas
at the other end of the scale stars are known to occur (see Section 2) in which
hydrogen is almost entirely absent. This diversity in hydrogen content is due
to the interplay of two processes with opposing tendencies :

(i) The generation of energy within a star due to thermonuclear reactions
has the net effect of synthesizing helium from hydrogen (in stars of mass less
than about half the solar mass M the helium is commonly believed to be syn-
thesized directly from the hydrogen, whereas in stars of mass greater than about
M 2 the synthesis occurs through the carbon-nitrogen cycle). Thus the effect
of nuclear reactions within a normal star is to increase the helium concentration
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at the expense of the hydrogen (the distinction between a normal star and a
collapsing star is discussed in detail in Section 2). The synthesis from hydrogen
of elements heavier than helium is negligible in normal stars * in which the
central temperatures never appreciably exceed 5 x 107 °C.

(i) The loss of hydrogen by synthesis of helium is offset in some stars by
rapid accretion of interstellar hydrogen.

Accordingly we form the following picture of the development of a star
during the normal phase of its history.] The star condenses from the diffuse
interstellar material § and has initially the same composition as the interstefllar
material. As a result of thermonuclear reactions hydrogen is convertec.i into
helium. In some stars the loss of hydrogen is offset by a rapid accretion of
further quantities of interstellar material. .

(3) Additional data concerning the composition of the stars is obtained from
the study of stellar spectra. Although the identification of elements over Fhe
whole periodic table is not yet completed, the results so far obtained provide
strong confirmation of the view that all elements known on the Earth are also
present in the stats. It has been estimated by Russell || that in the surface
layers of the stars hydrogen is at least a thousand times as abundant as all .the
metals combined.

(4) By far the most detailed evidence concerning the distribution of heavy
elements comes from the direct study of the contents of the earth’s crust.q The
distribution so obtained differs markedly from the astrophysical evidence discussed
above in that only a small quantity of hydrogen and an almost negligible amount
of helium is present on the Earth. The most common elements in the crust
are silicon, magnesium, and oxygen. .

In the present paper we are not so much concerned with the abundance of
isolated elements as with suitably averaged values. We may group the’elements
into a number of ranges of atomic weight, e. g. the ranges I to I4 inclusive, I5 to
24 inclusive etc., and average the abundance of all the elements falling within
each group. When this is done an averaged abundance is obtained for each
range of atomic weight. These averaged abundances rarely fall below one
part in a million (uranium forms about one part in T0%and lead about five partsin
108, s0 that this statemert holds up to the heaviest elements in the periodic table).
Now although a difference in abundance between two elements by a factor of
103 may be of very great economic importance (one of the elements being regarded
as “common” and the other as “rare”) such a difference is unimportant from
the standpoint of the present paper since factors arise in the present discussion
that may be as large as 1020, From the work given below it will appear Fhat a
remarkable feature of the survey of elements present in the Earth’s crust is the
very small variation in abundance that occurs over the whole range of atomic
weights.

The above remarks concerning the uniformity of distribution of the elements
" in the Earth’s crust are strengthened by noticing that the heaviest elements would

* H. A. Bethe, Phys. Rev., 55, 434, 1939.

+ F. Hoyle and R. A. Lyttleton, M.N., 10X, 227, 1941.
1 See Section 2. .
§ F. Hoyle, M.N., 105, 302, 1945.

|| H. N. Russell, 4p. ¥., 78, 239, 1933.

€ V. M. Goldschmidt, Skr. norske Vidensk Akad., 1937.
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sink towards the centre when the Earth was in a liquid state. Thus the proportion
of elements with atomic weights greater than 40 in the Earth as a whole may
well be considerably higher than is indicated by a study of the crust alone.
Results obtained from observations of the propagation of sound waves through
the body of the Earth confirm this statement. It is found * that the density
. of material near the centre of the Earth is close to twelve. Allowing for increase
of density arising from the high pressure in the inner regions of the Earth it has
been estimated that such material would have a density of about eight under
normal laboratory conditions. 'This means that the central regions of the Earth are
occupied by material with a density close to that of iron or copper. It is usually
inferred from this result that the core of the Earth is occupied by elements with
atomic weights lying between 50 and 70. The core may however contain ten
per cent. by mass of the heaviest elements without any disagreement with
observation arising.

It will be seen from the above remarks that the evidence available concerning
the distribution of the elements in the universe is very fragmentary. Nevertheless
the astrophysical data are sufficient to bring out the important result that hydrogen
is by far the most abundant element. This conclusion gives strong support
to the view that it should be possible to trace back the history of the universe
to a state in which hydrogen is the only element present. That is, it must be
possible to show how the various elements have been synthesized from hydrogen.
The present paper attempts to show how such a synthesis takes place. Stated
more explicitly we suppose :

(i) Initially the only element present in the universe is hydrogen.
(ii) Helium is synthesized by thermonuclear reactions taking place in
‘““normal ” stars.

(iii) A further process occurs that synthesizes higher elements from hydrogen
and helium. The elements produced are regarded as having a distribution
similar to that found on the Earth.

The object of the present paper is to discuss (iii).

1.2. Relation with previous investigations.—The equations of statistical
equilibrium between atomic nuclei have been discussed by a number of authors. |
The most recent work is by Chandrasekhar and Henrich (referred to below as
the C-H theory). The C-H theory deals with the relative abundance of the
elements at temperatures between 8 x 10? and 6 x 10° °C. and at densities of order
107 gm. per cm.3. Under these conditions only about one part in a million by mass
is converted into elements of atomic weight greater than that of helium. The
relative abundances of the elements are well reproduced in the range between
C and CI, but beyond atomic weight 40 the abundances given by the C-H theory
become quite negligible. Thus the C-H theory fails to account for the existence
of elements beyond argon. One of the main features of the present work is
that the required abundances will be obtained over the whole of the periodic
table. The chief points of difference between the present and previous dis-
cussion may be summarized as follows :— :

(1) Account is taken of the degeneracy of the electrons at high densities.

* H. Jeffreys, The Earth, p. 220, Cambridge, 1929; M.N., Geophys. Suppl. 4, 62, 1937.

t T. E. Sterne, M.N., 93, 736, 1933; R. H. Fowler, Statistical Mechanics, p. 655, Cambridge,
1936 ; S. Chandrasekhar and L. R. Henrich, 4p. ¥., 98, 288, 1942.
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(2) A large fraction of the material is converted into elements heavier than
helium (as opposed to one part in a million in the C-H theory).

(3) The inclusion of electron degeneracy enables the required relative
abundances to be obtained over the whole range of the periodic table without
the temperature of the assembly being appreciably greater than 10 °C.

In addition to these technical points the present work differs from the C-H

“theory on a number of questions of principle:

(@) It is not sufficient to find the values of p, T required for an assembly to
contain the proper relative abundances of the elements. It is also necessary that
p, T can be converted to low density and temperature (such as occurs on the
Earth or in interstellar space) without the relative abundances being changed. This
means that the mixture must remain frozen during some cooling-expansion
process, for if statistical equilibrium were maintained throughout the process
the relative abundances would undergo important changes.

(6) It is necessary to find the place in the universe where the required values
of p, T occur.

In addition to previous investigations dealing with the synthesis of elements
there are also a number of papers concerned with the properties of matter at high
temperatures and densities that the writer has read with interest.* .

1.3. Procedure to be followed.—The chief aims of the present paper may be
summarized briefly :—

(r) To find values of p, T such that the equations of statistical equilibrium
give the required abundances of the elements over the whole range of the periodic
table.

(2) To show that a cooling-expansion process can be found such that the
values of p, T satisfying (I) can be reduced to low density and temperature without
the composition of the mixture being changed.

(3) Tofind a place in the universe where the values of p, T satisfying (1) must
occur and to explain in a satisfactory way the origin of the cooling-expansion
process.

There are two ways of discussing this programme. The indirect way is to
construct the equations of statistical equilibrium and to search by trial and
error until values of p, T are obtained that satisfy (1). The next step would be
to use these values of p, T in a search for processes satisfying (2), (3) and (4).
The second and more direct way is to discuss (3) and to find what values of
p, T satisfy (2) also. Then having arrived at a pair of values of p, T (or possibly
at more than one pair of values) we can use (I) and (2) as consistency checks
on the theory. The latter procedure will be adopted in the following work.
It is shown below that consideration of (2) and (3) leads to two possible ranges
of values of p, I.  One of these ranges yields the abundance of the elements of
atomic weight up to about 80 (this is material described as case (1) in Section 8),
whilst the other case yields the required abundances over the remainder of the
periodic table (this material is described in Section 8 as case (2)).

An important by-product of the present investigation is a natural explanation
of the difference between novae and supernovae. The theory of supernovae
here given is similar in a number of respects to the neutrino-emission theory

* W. Baade and F. Zwicky, Phys. Rev., 45, 138, 1934 and 46, 76, 1934 ; L. Landau, Nature,
141, 333, 1938 ; F. Zwicky, Phys. Rev., 85, 726, 1939 ; F. Cernushi, Phys. Rev., §6, 450, 1939.
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given by Gamow and Schoenberg.* 'The chief point of difference is that whereas
in the Gamow-Schoenberg theory removal of energy occurs only through neutrino
emission, in the present theory a more rapid rate of removal of energy arises
from nuclear transformations. ‘

2. Some General Properties of Stars

2.1. Normal Stars.—In the present section we shall consider stars in which
nuclear transformations do nof abstract thermal energy from stellar material
(as will be seen in later sections important cases can occur where the absorption
of energy by nuclear reactions becomes the dominant process in determining
the evolution of a star). Under these conditions the only important way in which
a star loses energy is by radiation from the surface. It follows from this, as will
be proved at the end of the present subsection, that the star must satisfy the hydro-

static equation
5l (£> __GM@me (1)
dr\ pB r?

to a very high degree of approximation, where 3 is the gas constant; u, p, T are
the mean molecular weight, density and temperature of the stellar material ;
B is the ratio of the gas pressure Bp7/u to the total pressure BpT/u+aT?/3,
which includes the pressure aT%/3 due to radiation, where a is Stefan’s constant;
G is the gravitational constant, 7 is a radial coordinate that measures distance
from the centre of the star, and M(r) is the mass of the star contained in a sphere
of radius 7.

Now when a star satisfies (I) either accurately or approximately the central
temperature T, cannot differ by a factor of much more than two from the value {

Gp.M , (2)
3BR

where M is the total mass of the star, 8, is the value of B at the centre, and R is
the radius of the star (more accurately R should be-taken such that M(R)==M/2,
because it is possible for a star to possess an outer envelope of large radius but
containing only a small fraction of the mass if u is appreciably less in the envelope
than in the interior ). The temperature of the surface of the star is small com-
pared with (2) and there must be an outward temperature gradient of order

GuB.M
3B R?

in the star. This temperature gradient will result in there being an outward
flux of energy from inside the star to the surface. 'The magnitude of this energy

flux follows immediately from the well known equation of radiative equilibrium
and is of order

16mcaR  (GuB,M\ " )
3xp3(1 — X2\ 38R /)’
where « is the coefficient of opacity, ¢ is the velocity of light, X is the fraction
* G. Gamow and M. Schoenberg, Phys. Rev., 59, 539, 1941 ; G. Gamow, Phys. Rev., 59,
617, 1941 and 65, 20, 1944.

1 A. S. Eddington, 1.C.S., p. 92, Cambridge, 1930.
I F. Hoyle and R. A. Lyttleton, M.N., 102, 218, 1942.
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by mass of hydrogen in the star, and p the mean density of material in the star
is given by

1nR%G =M. @)
Substituting for p in (3) leads to the following expression for the energy flux:
3ca G/“l‘ﬁc>7.5 55 -5 4
=X " < B . M¥5R-05, (5)

The expression (5) not only gives the outward flux of energy in the star but
also gives the rate of radiation from the surface. Thus, if the rate of radiation
from the surface is greater than (5), the surface temperature must fall, since
the loss of energy at the surface cannot be compensated by the flux of energyfrom
inside the star. Similarly, if the radiation from the surface is less than (5), the
surface temperature must rise, since the supply of energy from inside the star
exceeds the loss by radiation.

If thermonuclear reactions taking place in the star generate sufficient energy
to compensate exactly for the loss of energy at the surface, then the star remains
in equilibrium. If the generation of energy exceeds the rate of loss then the
star will expand. Aswill be seen from (2) the temperature in the energy-producing
regions falls with the expansion, and this has the effect of rapidly reducing the rate
of production of energy (the carbon nitrogen cycle gives an energy production
approximately proportional to p27"8, whilst direct synthesis helium from hydrogen
gives an energy generation approximately proportional to p27*%). Thus the star
expands until the energy production falls to a value equal to the loss at the surface.
If, on the other hand, the generation of energy due to the synthesis of helium
from hydrogen is less than the loss at the surface, then the star will contract and
the temperature will rise in accordance with (2). Thus in this case, provided
the quantity of hydrogen present in the energy-producing regions is not negligible,
the star will contract until energy production becomes equal to the loss at the
surface (the discussion given in 2.z shows that the present proviso is very
important). We may conclude that stars containing an appreciable amount of
hydrogen will adjust their dimensions (and hence their central temperatures)
in such a way that the energy generation is just sufficient to balance the loss at
the surface, which is given approximately by (5).

Now the generation of energy by the carbon nitrogen cycle for example
(similar remarks apply to direct synthesis of helium from hydrogen) can be
written in the approximate form *

R
4mE j T, ©6)

provided the central temperature is not too far from the equilibrium value,
where 7 varies nearly as M~112 and is about 18 for the Sun, and E is an energy
production constant. The integral (6) can be written as

g #EAR%2TY,

where A is an averaging constant that has effectively the same value from one star

* F. Hoyle and R. A. Lyttleton, M.N., 102, 177, 1942,
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to another. Substituting for p from (4) and for T, from (2) gives an energy
production
3EA (GuB\" M7 +? (7)
4 33& R’H—3 ° 7

For equilibrium conditions the expressmns (5) and (7) are equal and R is given
approximately by

{E/\K(I Xz)}2n+5 (%)22”11+155 MZZTZ. (8)
. 4ac 3B

Thus, since it can be shown that 8, can be expressed in terms of x and M, it follows
that R can be calculated * explicitly in terms of 4 and M. The value of R so
determined may be substituted in (5) to give the rate of emission L at the surface
in terms of w and M. Thus botk R and L can be calculated explicitly in terms
of wand M. These remarks refer to stars in equilibrium. Such stars are normal
in the sense used in the Introduction.

In a refined discussion of the structure of stars the approximate expressions
(5) and (7) have to be replaced by accurate values (the expressions (5) and (7)
are approximate in the numerical constants multiplying them and not in the
dependence on M, R and p).T For the present purposes the above discussion
is preferable because a number of points are brought out that tend to be obscured
in a more detailed theory. Moreover the present investigation shows what
results must of necessity turn up in a thorough-going analysis. For example,
it is seen from (8) that R oc E¥®"+% and from (5) that L oc E-1(27+3), 5o that both
R and L are very insensitive to the value of the energy production constant.
Furthermore we see that this result is inherent in the problem and cannot be
removed by more detailed calculations.

Apart from a numerical factor the expression (5) is identical with a well-
known formula due to Eddington.

At this stage we may dispose of the asumption made at the beginning of the
present subsection. That is, we have to show that a collapsing star which only
loses energy through radiation at the surface must satisfy (1) to a high degree of
approximation. The total thermal energy contributed by the material of a star
is of order WMT,. Now the star cannot contract appreciably until an amount
of energy has been radiated at the surface that is of the same order as BMT,.
Thus the time required for appreciable contraction to occur is of order ®MT,/L.
To obtain an idea of the magnitude of this quantity put M =M =2 x 10** gm.,
T,=2x10"°C.,L=Lg =4 x 10%ergspersec. Then thetime required forappreci-
able contraction to occur is of order 2-8 x 107 years. 'This time may be compared
with the time that would be required for collapse if (1) were not satisfied to a good

approximation. The latter time is easily seen to be of order V/(R3/GM). For
R=Rgp =% x10%cm.and M= Mg, V(R3/GM) is about 16 x 10% sec. Although

for different M, T,, R the numerical values will differ from those given here it
is clear that in all cases '

F. Hoyle and R. A. Lyttleton, loc. cit.
F. Hoyle and R. A. Lyttleton, loc. cit.

iﬁMT

*
T
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This proves the required result that (1) must be satisfied to a good approximation
when the only loss of energy is by radiation at the surface. _

2.2. Collapsing Stars.—In this subsection we consider a collapsing star in
which the rate of generation of energy is less than the rate of radiation from the
surface. Two different cases may be distinguished :

(1) The star contains an appreciable fraction by mass of hydrogen bu'F the
internal temperature is too low to give sufficient energy generation for equilibrium.
This case occurs during the condensation of a star from interstellar mater.ial,
and the collapse continues until the temperature rises to a sufficiently high
value for equilibrium to occur. *

(2) The generation of energy by synthesis of helium from hydrogen may
cease, due to the exhaustion of the supply of hydrogen in the energy-producing
regions (hydrogen may still be present in the atmosphere). This will occur
in a period of about 10% years (compared with an age of the universe of about
1010 years) for stars of large mass and luminosity unless the hydrogen is re-
plenished by accretion of interstellar hydrogen. Thus, if accretion ceases to
be important ¥ for such a star, the supply of hydrogen will become exhausted in
a period of time that is short compared with the age of the universe. 'The star
will then enter a period of contraction. As the radius decreases the central
temperature will increase in accordance with (2). The rising temperature
will remove the last vestiges of hydrogen present in the inner parts of the star
and the star if sufficiently massive must collapse until rotational instability
occurs.f The condition on the mass is that it must appreciably exceed
Chandrasekhar’s limit 5-75Mq/u2.  Sufficient material is thrown off to
infinity during the instability process for the mass of the remaining stellar
nucleus to be reduced to a value of the order of, or less than, Chandrasekhar’s
limit. “

From the point of view of the present paper two different cases may be
distinguished. These two cases may be examined by discussing the instability
process in further detail.

(i) The temperature rises sufficiently high for nuclear reactions to become .
important before the onset of rotational instability (a temperature of about
4 x10° °C. is required).

(ii) A state of rotational instability is reached before nuclear reactions become
important. '

Owing to the conservation of angular momentum, any initial rotation
possessed by a star increases as the star contracts. During contraction the
rotational velocity is proportional to the reciprocal of the radius of the star.
Thus the centrifugal force acting on the stellar material increases as the inverse
cube of the radius. It follows that, since the gravitational force increases only
as the inverse square of the radius, the ratio of centrifugal force to gravitational
force must increase inversely as the radius. When the centrifugal force becomes
comparable with the gravitational force, instability occurs. If we regard equality

* F. Hoyle, M.N., 108, 363, 1045.

1 F. Hoyle, M.N., in course of publication. L

1 The quantity p, is defined somewhat differently from p. Thus whereas p is given by the
product of the mass of the hydrogen atom and the number of particles per gram of material, the
quality p, is defined as the product of the mass of the hydrogen atom and the number of free
electrons per gram of material. For the stars considered in the present paper g, is always close to 2.
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of these two forces as an approximate criterion for rotational instability, then we
can estimate the degree of contraction required to produce instability for various
values of the initial equatorial rotational velocity. For example, consider a star
of mass T0M that exhausts its supply of hydrogen and enters the period of con-
traction discussed above. Before contraction begins, the values of p, T at the
centre of the star would be about 3 gm. per cm.2and 3-7 x 107 °C., whilst the radius
would be about 3-5 x 10! cm. To a sufficient approximation we may suppose
that the star contracts through a series of homologous configurations, so that the
central values of p, T are proportional to the inverse cube and the inverse first
power respectively of the radius. The following table gives the various quantities
that are of interest for a set of values of the initial rotational velocity :—

'

TaBLE I
The Effect of the Initial Rotational Velocity on Collapsing Stars

Mass=10M o Initial radius=3-5 X 10! cm.

Initial rotational velocity .
(km. per sec.). 1 5 10 15 20 40 100

Factor by which radius
must be reduced to
make centrifugal and
gravitational forces
equal. 382X 105 1'53X10% 3:82x103 170X103 g'52X 102 238X 10% 3B2X10

Initial central tempera-
ture in °C. 3°5X107 3°5X10° 3'5X107 3'5X107 3'5X107 3'5X10° 3°5X107

Central temperature at
time of rotational in-
stability in °C. >4X10° >4X10° >4X10° >4X10° >4X10° >4X10° 1:34X10°

Initial central density in
gm. per cm.2. 3 3 3 3 3 3 3

Central density at onset
of rotational instability
in gm. per cm.3, 1°67 X 10" 107X 1013 167 X 101 1'47X 101® 259 X 10? 4-07X 107 1°67X 105

The values given in Table I are necessarily approximate (in particular
relativity effects are neglected in the first set of values), but even so they show
clearly that unless the initial rotational velocity of the star is of the order of,
or greater than, 100 km. per sec. the temperature will rise to 4 x 10 “C. before
rotational instability occurs. Now at a temperature of 4 x10°°C. nuclear
reactions become important and we have case (i). Indeed it follows from
Table I that, if the initial rotational velocity is of the order of, or less than, 40 km.
per sec., we have case (i), whereas, if the initial rotational velocity is of the order of,
or greater than, 100 km. per sec., we have case (ii). 'Thus, since the initial
rotational velocity will vary from one star to another, it follows that some stars
will satisfy case (i) and others case (ii). Inthe present paper we are only concerned
with stars in which the initial rotational velocity is small enough for case (i) to
apply. 'The range of values of the initial rotational velocity used in the following
work is roughly 10 to 40 km. per sec.

The large densities appearing in -the above table suggest that electron
degeneracy may arise during the contraction of the star, and that the contribution
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of the pressure of the degenerate electrons may become important. As will
be seen in a later section, this is the case, but only after nuclear reactions have
become important. Before nuclear reactions become important, the density
increases at the same rate as the cube of the temperature, so that the ratio of gas
pressure to radiation pressure remains constant during this phase of the con-
traction. Now, as Chandrasekhar has shown *, pressure degeneracy does not
become important unless B, is greater than a value close to 0-9o8. From the
known relation{ between B, and M, it can be shown that 8, will not exceed
0-9 unless Mu2/M <575. In the following discussion we shall only consider
stars satisfying Mu2/Mo>5-75, so that degeneracy does not arise before
nuclear reactions become important. If a star undergoes appreciabie con-
traction after the temperature has risen to 4 x 10°°C., then degeneracy will
always occur. This is due to nuclear reactions which prevent the temperature
from rising appreciably above 101 °C. At this stage j, increases, because the
gas pressure continues to increase on account of the increasing density but
radiation pressure remains effectively constant. If sufficient contraction occurs,
B, will rise above 0-908 and the stellar material will become degenerate.

2.3.—The remarks of 2.2 provide a suitable basis for a theory of the synthesis
of the elements. It has been shown that the temperatures arising in collapsing
stars that have exhausted their supply of hydrogen become sufficiently high
for statistical equilibrium between atomic nuclei to occur provided

(z) The mass of the star appreciably exceeds Chandrasekhar’s limit.

" (2) The initial rotational velocity before collapse begins is less than about
40 km. per sec.

Thus our first object of finding a place in the universe where the elements
may be synthesized has been achieved. Furthermore, a cooling-expansion
process of the type discussed in the Introduction is also available in the process
of rotational instability. This serves not only to reduce the density and tempera-
ture but to distribute the elements in interstellar space.

In view of the importance of the processes discussed in 2.2 it is desirable
to seek independent confirmation of these results. It is therefore fortunate
that observational evidence can be cited in support of the starting-point of the
present investigations. Thus what appears to be an excellent example of the
break up of a rotationally unstable star has recently been investigated in detail
by Baade and Minkowski.f In this particular case it is possible to observe
directly the nebulous material that was thrown off by the supernova of 1054 A.D.
The mass of this material is found to be of order 15 M so that the star must
have thrown off an appreciable proportion of its original mass. The estimate
given by Minkowski for the radius of the remaining stellar nucleus confirms
that the material in the nucleus is very dense, and thereby provides support
for the view that the outburst occurred in a collapsing star whose supply of
hydrogen had become exhausted. 'Thus, if we take the mass in the nucleus as
M, which is probably an underestimate, together with Minkowski’s estimate
of about 10° cm. for the radius, the present mean density is about 5 x 10% gm. per
cm.3. Allowing for a central condensation of about 20 (the central density in

* S. Chandrasekhar, Introduction to the Study of Stellar Structure, p, 434, Chicago, 1938,
+ F. Hoyle and R. A. Liyttleton, loc. cit. )

Iw, Baade, Ap. I 96, 188, 1942 ; R. Minkowski, 4p. F., 96, 199; 1942, s
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a star is about 20 times the mean density), this gives a present central density
in the nucleus of about 107 gm. per cm.3. We may note further that the central
density before outburst would be unlikely to be less than 107 gm. per cm.3. Thus,
taking 16 M as a rough estimate of the initial mass, it follows that the radius
at outburst could not be much greater than 2:5 x 10° cm. If this value of the
~ radius is used in (2), together with uf, =1, an estimate of 3-4 x 10° °C. is obtained

for the central temperature before outburst. This value is just of the order
that is of interest in the present problem. Accordingly it is seen that there is
not only theoretical evidence but also observational data in favour of the model
used in the following sections of the present paper.

3. The Equations of Statistical Equilibrium

The next step is to construct the equations of statistical equilibrium between
atomic nuclei (these equations applying at temperatures exceeding 4 x 10° °C.).
Write np, ny, n4 for the number of free protons per cm.3, the number of free
neutrons per cm.?, and the number of atomic nuclei with atomic weight 4 and
charge Z per cm.3, respectively. 'Then under conditions of statistical equilibrium
n% can be expressed in terms of the three quantities np, ny and T. These
equations are well known and will be quoted here.* In Fowler’s notation the
required equations are

Vip =62 f {2 In (1 + ge—fq/kT)}

Vny={= P {Z In(z+ Ce"sr”‘T)}

N

(9)

Y

Vn=x aa {Z +In(x+ Xe”sslkT)}

where V is the volume occupied by the as’sembly and ¢, €,, € represent the
energy states (energy of translation together with internal excitation) of the
proton, neutron and nucleus of atomic weight 4 and charge Z, respectively.
The + sign depends on A4; if A is odd the nuclei obey Fermi-Dirac statistics
and the plus sign must be taken, whilst if 4 is even the nuclei obey Einstein-
Bose statistics and the minus sign must be used. The parameters &, {, x appear
in using the theorem of steepest descents and they satisfy the relations

x=£ 4" exp (— Q4/RT),

Q% = 2{mh — Zmp — (A — Z)my},
mp, my, m% being the masses of the proton, neutron and nucleus of weight 4
and charge Z, respectively. There is a set of equations of the form (9) and (10)
for each pair of values of 4, Z.

The above equations can be simplified in two ways. First, to the degree of
accuracy aimed at in the present paper the contribution to ¢, of the excited states
of the nuclei can be neglected (the errors arising from this step are not greater
than a factor of about 102 in the relative abundances of the nuclei. This is small
compared with the factors that arise from other considerations). Second,

(10)

* R. H. Fowler, op. cit., p. 655. The symbol ““In” denotes the logarithm to the base e, and
the symbol “ log ” will be used to denote logarithms to the base 10.
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even at the highest densities discussed below (==10! gm. per cm.?), the para-
meters &, {, y are sufficiently small compared with unity for it to be possible to

use ‘““classical’’ statistics for the protons, neutrons and heavy nuclei. These
simplifications enable the sums in (9) to be written as *

S In (14 ée*d*T) = £V (2mmpk T)} B3, 1
q
?‘ In (I + Ce"sr/kT) = CV(ZTI'meT)%/]ZS, | (II)
+ 3 1In (1 + xe ¥ =y V(2mmi4k T)}h3. j
Eqﬁations (z1) together with (10) give
Inn4=Zlnnp+(A-Z)Inny+(A—1)In {k3)(2wkT)*}
Z —
_%&-_221nmp—3(“{2—z)1nmﬁ,+glnmj. (12)

This equation hasbeen expressedina convenient numerical form by Chandrasekhar
and Henrich f, who use 10°°C. as the unit of T, and the millimass unit (1072 mp)
as the unit of Q4. With these units, and putting mp=my, equation (12) becomes

log n% =34-08 + 3log T+ 3logA-I— 473 .04

+A4 (lognN—34-o8— = log T) —Zlog (@) . (13)
2 np

Equation (13) gives one of the basic equations of the present problem. The
remaining equations are rather less straightforward in their derivation and will
be treated in greater detail. A relation can be derived between ny/np and z,,
where 7, is the electron density. This relation is due to interchange between
an electron and a proton on the one hand and a neutron on the other hand. The
interchange arises from fS-processes taking place among the nuclei. The
neutrinos and antineutrinos (according to the usual formulation of the properties
of these particles) emitted in the B-processes will escape from the star and will
remove energy in the manner discussed by Gamow and Schoenberg.} Provided
the interchanges are sufficiently frequent (we shall assume this to be the case),
statistical equilibrium will be set up, which will be similar in character to the
case of a simple dissociating gas. In the latter problem we have atoms of type
A, combining with atoms of type A, to form molecules 4; A4,, together with the
reverse reaction in which 4, 4, dissociates into the separate atoms, 4, and 4,.
This can be represented symbolically as

A, + A,z A4,

The solution of this problem is known § and can be taken over to the proton,
_neutron, electron case by regarding the neutron as the ‘“molecule’’ and the proton
and electron as the ‘“atoms”. The equations determining the equilibrium are

* R. H. Fowler, op. cit., p. 655.

1 Chandrasekhar and Henrich, op. cit.
1 Gamow and Schoenberg, loc. cit.

§ Fowler, op. cit., p. 157.
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the first two equations of (9) together with

Vn,=A aa/\ {Z In(x +/\e""t’k‘)}
{=¢ exp(~ JIkT), (x4)

J=cX(my —mp —m,),
where ¢, represents the energy levels of the electron and m, is the electron mass.
Putting Z, £ equal to the values given by (9) and (11) gives
ny _ (75} _ I\ peer
=A (mp> exp ( kT)-/\e“ . (15)

np

The first of equations (I4) determines A in terms of n,. This equation is
comparatively easy to solve for both the cases A<I and A>1, but is rather
awkward when A==1. Throughout the following work the form of solution
in which A>1 will be used. This is necessary at the highest densities con-
sidered (of order 10! gm. per cm.3) but is only a moderate approximation at the
lowest densities (of order 107 gm. per cm.?) treated in the work of later sections.
This procedure is however fully justified by the circumstances that in calculations
of the relative abundances of the elements the terms depending on A are unimportant
at the lowest densities (107 gm. per cm.?) but are very important at the highest
densities (10! gm. per cm.?). Thus our approximation is very good in the range
of density where the terms in A matter, whilst the approximation is only moderate
for the range of density in which the terms in A are unimportant. WhenA>1
and account is taken of the relativistic variation of mass of the electrons in forming
the energy levels ¢, the first of equations (14) can be solved to give*

InA=m >V (1 +x%)/kT, } 16
x=(n,[587 . 102}, (x6)
the temperature being here measured in °C. Equations (15) and (16) give
ny 5 J mee2y )
In (np) {\/(I + x2) 62} =T
where i (17)

Y=VEFR) - Fme =V I+ -0
If we again measure 7 in units of 10° °C., the first of equations (17) becomes

log 2X =272 0543y. (18)

np
Substituting in (13) gives

log n% =34-08 + g log T+ glogA + & 73 SL2(0% —0'543y2)
+ A(logny — 3408 — Elog T). (x9)

The second of equations (16), equations (18) and (19) give the complete scheme of
statistical equations in the present problem.
A more useful form of the equation determining the parameter x can be

* 8, Chandraskehar, op. cit., p. 393 ; R, H, Fowler, op. cit., p. 652,
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obtained by expressing 7, in terms of the density of the material. If we write
p’ for the density excluding the contribution of the free neutrons (in the following
discussion the free protons never make an appreciable contribution to the density,
but at the highest densities considered below it turns out that the free neutrons.
do make an appreciable contribution), then to a sufficient approximation we can
write

14

me== (20)
for material not containing hydrogen. This equation follows from the con-
sideration that the assembly must be effectively electrically neutral.  This.
requires that 7, shall be equal to the total positive charge density of the atomic
nuclei, which is close to p’/2mp together with a contribution equal to the density
of the positrons present in the assembly. The latter term can be calculated from
statistical mechanics * and it turns out that its value can be neglected in comparison
with p’/zmp. Except when p’ is higher than 10'° gm. per cm.3, it is sufficient
to put p’ equal to the total density p. 'The equation for x becomes

p’ =1-98 x 10%3, (2x)

Equation (21) enables x and therefore y to be determined in terms of p’. Thus,
since Q% is a known quantity, it follows from (19) that nZ is determined in terms
of p’, T and ny.

4. The Helium Zone

4.1. It would now be possible to return to the physical model discussed in
Section 2 and to apply the statistical equations of Section 3. Before doing this,
however, it is more convenient to discuss the further properties of these equations
and to return to the physical model at a later stage. The two questions that will
be considered in the present section and in Section 5 respectively are:

(1) If weregard T, p" as Cartesian coordinates, then in the T, p’-plane a curve
can be drawn with the following important property:—Material at values of
T, p’ represented by any point on one side of the curve is composed almost
entirely of helium, whereas material at any point, 7, p’ on the other side of the
curve is composed almost entirely of heavy elements, the main mass of the
elements in the latter case having atomic weight greater than 50.

(2) Throughout Section 2 it was assumed that nuclear reactions take place
sufficiently rapidly when T'>4 x 10? °C., p">107 gm. per cm.? for the statistical
equations to be applicable, whereas when 7'<4 x 10° °C. it was supposed that
the mixture remains frozen. 'This question will be discussed in detailin Section 5.

It will now be shown when statistical equilibrium occurs that, for a given
density p’, there is a closely determinable value of T in the neighbourhood of
which the material changes over from being almost entirely composed of helium
to being almost entirely composed of heavy elements. It has to be shown
further that in the latter case the most abundant element has atomic weight
greater than 50. It is most convenient to assume the latter result to begin with,
and then to prove it at the end of the discussion.

" Equation (19) can be used to express z in terms of y (i.e. p'), T, and 7.

* R. H. Fowler, op. cit., p. 653, equation (1830).

24
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Thus we have

log 75 =34-08 + ‘2 log T+ ;25 log4+ +73 T2 (0% —1-086y)

+ 4(log ny —34-08 — Elog T). (22)

Equations (19) and (22) enable 7ny to be eliminated and give the follo;;ving '
relation between 7% and 7 :—

log (An%) —34-08 —3/21log T —5/21log 4 _log 4n% —34-08 —3/2log T — 5/2log 4
. Y| 4

+i§{%§ Q4+o 543y(——-2-)} (23)

Consider now the orders of magnitude of the three terms in equation (23).

(i) Second term on right-hand side of equation (23). 'The quantity Q%/4 is
the packmg fraction of atoms of atomic weight 4 and charge Z. 'The values of
the various quantities involved are shown in Table II fora number of elements,
using experimental values for the packing fraction.*

TasLE I1
Het  O® S Fe'® Cu® Kr®  Spis  Ppos
Q44 757 854 901 927 927 922 912 835
ZIA o5 o'5 o5 0-46 046 044 042 0°40
Q4/4—Qila oo 097 144 170 10 165 1'55 08

Q44— Qila oo o
. _ ~ ‘97 1°44 170 170 1°65 .
+° 5433’(1/2 Z/A) . +° o2y +° o2y +° o34y
These values taken together with the following values of y for various p’
show that the second term on the right-hand side of (23) is of order unity when
A>16 and 4 <T<<10:—

TasLE 111
p’ (gm. per cm.?) 107 10® 10° 1010 10!
x 1472 370 7°96 17°2 370
y 148 3:32 7°51 166 365

It will be remembered that the form of the term in y arises from the formulae
for relativistically degenerate electrons. The values given in Tables IT and III
confirm the statement made in Section 3 that the term in y only becomes important
when the use of these formulae gives a good approximation for the electron
distribution (the condition for the approximation to be a good one is that x> 1).

(i) First term on the right-hand side of (23).—If all the material were in the
form of helium, then

log 4n%=1log (p_’) =logp’+238,
mp
whilst if other elements are present
log 4n% < logp’ +23-78.
* 0. Hahn, S. Flugge and J. Mattauch, Phys. Z., 1941. The value used here for Kr®2 is less

than the value given by these authors. The present value has been chosen to fit smoothly into
a maximum of the packing fraction between 60 and 7o.

© Royal Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1946MNRAS.106..343H

FI92B6 WNRAS. 106 ~343H!

No. 5, 1946 of the Elements from Hydrogen 359

It follows therefore that this term has a magnitude also of order unity when
p’ <10l gm. per cm.3 and T'>4.

(iii) Left-hand side of (23).—We now use the assumption that the most
abundant heavy element occurs for 4>50. Consider for example a most
abundant heavy element of atomic weight 60. Table IV gives the values of
log (607 %) for a number of specified values of the left-hand side of (23).

TasLE IV
Left-hand side of (23) log (607n&)
0-0 34-08--3/2 log T+ 35/2 log 60
—o-1 28:08+3/2 log T+ 5/2 log 60
—0°'2 22°0843/2 log T+ 5/2 log 60

It follows from these numerical values that, when the left-hand side of (23) is
zero, 60ng >p' /mp for all p’ <10 gm. per cm.3 but that, when this termis —0-2
then 60nZ is extremely small compared with p’/mp for all p’>10° gm. per cm.>.
Accordingly only a very small change in this term is required to change
the mixture from being composed almost entirely of heavy elements to being
composed almost entirely of helium. This result, taken in conjunction with the
fact that only a very small change in T is required to change the second term on
the right-hand side of (23) by an amount of order o-1, shows that the change
over from helium to heavy elements must occur at values of 7 close to that given
by putting the right-hand side of (23) equal to zero. Moreover for the purpose
of calculating this value of T it is sufficiently accurate to put

log 4nf =logp’ +23-78.
(This equation holds to a good approximation when the mixture is almost all
helium, and it can also be used as an order of magnitude relation during the
changeover from helium to heavy elements, but it could not be used when T
has become sufficiently small for the mixture to be composed almost entirely
of heavy elements.) This gives

_ 18-92{0%/4 — 044+ 0-543y(0-5 — Z/4)}

~ 10-3+3/2logT+5/2log4—logp’ °
When T is greater than the value given by (24), the mixture is composed almost
entirely of helium and, when T is less than (24), the mixture is composed almost
entirely of heavy elements.

A further question arises as to what values of 4 and Z should be used in (24).

It is clear that the values of 4, Z giving the largest (Q4 —0-543yZ)/A will give
the highest 7. This means that the region of heavy elements in the 7', p’-plane
is most extensive when the maximum value of (Q% —0-543yZ)/A with respect
to both A and Z is used in (24). It follows from Table II that this will occur for
A> 50, which confirms the statement made above that the most abundant heavy
element occurs for 4>50. The value of (Q% —o0.543yZ)/A for Cus® gives the
following table of values of T, p’ satisfying (24) :—

(24)

TABLE V
p’ (gm. per cm.®) 108 107 108 10? 1010 1ol
T (in units of 10° °C.) 47 55 6-6 8-6 11°2 174

These values are sufficiently accurate for the present purpose but some
approximation is involved on account of the way log T is treated in making

24 *
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these calculations. The required values are insensitive to the value of log 7"and
much arithmetical labour is saved by putting log T equal to a representative
constant (I-0 in the present case). A second order correction is easily inserted
after the first order values have been worked out. The pairs of values of T, p’

given in Table V lie on the curve in Fig. 1 which separates the helium zone from
the zone of heavy elements.

HEAVY  ELEMENTS

&

: 10 L
g HELIUM
"
a

'9h 8
£
oo
e
a
w 8
L

7+ 1)

Clh A I

2 4 6 8 .10 I5 20
T (in units of 10* °C,)

Fic. 1.—7The T, p’ diagram. The track DEFG is for the case & =0-24.

4.2. The values of ny, np in the helium zone.—In the helium zone log(4n3)
=logp’ +23:78 to good approximation. The value of ny can be determined
in terms of T, p’ from

log 7y = 34-08 + glog T+ (logp’ —10-3~ glog T- glog4)

- —'4.1713 (7:57 —0-271y), (25)
which is derived by putting 0%4=7-57 and log4ni=logp’ +23-48 in (22).
When 7, has been calculated from (25), the value so obtained can be used in (18)
to find np. In this way the following numerical values of ny, np were obtained :—

"TABLE VI
p’=107 gm. per cm.®. log nf=30-18
T 6 i 8 9 10

log ny 281 290 297 302 306
logn, 275 28-4 29°2 29°8 30°2

p’=10® gm. per cm.3, log nf=31-18

T 8 9 10
logny, 302 307 31°1
logn, 291 297 30°2

p’=10° gm. per cm.}, log nj=32-18
T 9 10
logn, 31°5 31°9
log N, 29°4 300
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The remarkable feature of Table VIis the large equilibrium values of ny, np
- that occur for T close to 0. This result is of importance in the discussions of
Sections 6 and 9. It will be noticed that at T'=10 the mass of the neutrons is
comparable with, but less than, the mass of the helium. This is the reason why
- the density of the neutrons was not included in p’ (the quantity p’ appears in the
formulae only through the relation 7,=>p’ /2mj so that p’ must evidently not include
the neutrons).
4.3. The values of ny, np in the heavy element zone.—Equation (19) can be
written in the form

ago8a 3 473(Q% 054392
lognN—3408+210gT— T (74— i

I ZY _ 24.08 — 3 _3 ’
+A{log(AnA) 3408 zlogT 2logA}. (19")

If this equation is applied to the element of maximum abundance then we have

(i) For 10%<p’<10' the last term on the right-hand side of (19’) may be

‘neglected, since we can put log(4n%)=logp’ +23-78.

(ii) The heavy element of maximum abundance occurs when (Q4 —0-543yZ)/A4
is a maximum with respect to both Aand Z. 'The full discussion of this question
is left over until Section 7. We may anticipate the result that, when p’ <10° gm.
per cm.3, the required maximum value can be obtained simply by examining
the experimentally determined values of Q% (such as are given in Table II). It
then appears that the maximum occurs for 4 near 60. Thus provided p’ <10° gm.
per cm.? reliable estimates for ny can be obtained by inserting the experimental
values of Q4 and Z/A for Cu®8 in (19’) (copper serves as an example of an element
‘with atomic weight near 60). The values of 7y so determined can be used in (18)
to give np. 'The following values were calculated in this way :—

TaBLE VII
‘=107 gm. per cm.3
T 3 4 5
log ny, 20-8 24°5 267
logn, 195 235 26-0

p’=10% gm. per cm.3

T 3 4 5 6
logny 215 25°0 27°2 28-6
logn, 187 22°9 25°5 27°2

p’=10° gm. per cm.8
T 3 4 5 6 . 7 3
logn, 231 262 281 29°%. 30°3 31°1
logn, 167 21°4 24°3 26-2 276 286

5. The Conditions for Statistical Equilibrium
In this section the conditions under which the equations of Section 3 can be
applied will be briefly examined. The necessary requirements in the present
problem are :
(i) Energy must be statistically distributed among the energy states of
translation of each type of particle present (this condition is necessary for the
evaluation of the sums in equation (9)).
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(it) Many important nuclear reactions involve the emission of y-rays (the
reactions in which helium is synthesized from hydrogen for example). Statistical
equilibrium requires that there shall be detailed balancing between these reactions
and the reverse reactions that involve the absorption of a y-ray. This will only
be the case if there is thermodynamic equilibrium between matter and radiation.
Furthermore the energies of the y-rays involved in the nuclear reactions will in
some cases be large compared with kT (for the highest temperatures used in the
present paper £T is only about 1 M.V.). Thus we require equilibrium to extend
up to quanta with energies large compared with k2T

(iii) There must be suitable chain reactions connecting any two pairs of
values of 4, Z, provided that the nuclei with these pairs of values occur in
appreciable abundance. As an example of such a chain reaction, the following
known reactions connecting O and 427 may be noted :

O+ Het 2 F1®+ HY, F1°+ HY2Ne* + hv,

Ne® + He*2Na® + H', Na®+ H'2Mg* + hv,

Mpg* + He*= A% + H.
Unfortunately there is not sufficient laboratory evidence available to give a known
chain reaction for every pair of values of 4, Z. 'Two difficulties arisein attempting
to apply only known reactions to the present problem. First, there is far too
little published evidence concerning nuclei with atomic weights greater than 50,
and, second, at the high densities involved in  the present problem it is to be
expected that triple collisions between nuclear particles will be important,
whereas in the laboratory densities are far too low for these processes to be
noticeable. In these circumstances it has been decided to make the following
assumptions concerning the chain reactions :—

(a) That a chain reaction is available between any two pairs of values of 4, Z
and that only neutron, proton, and «-particles reactions are required to establish
the chain (these reactions include n—a«, n—p, n—vy, n—2n, p—a, p—y, p—n,
« —n, reactions together with their inverses).

(b) That for 5 M.V. protons* and a-particles the cross-sections of all
reactions occurring in these chains exceed 10-%,

(c) That statistical equilibrium cannot be established without the proton
reactions, which are required not only to enable the chain reactions to take place
but also to satisfy condition (iv) given below.

(iv) The equilibrium between protons and neutrons requires a sufficiently
rapid B-process to occur. The importance of a particular B-reaction depends
not only on the lifetime for the process but also on the abundance of the nucleus
involved.

The conditions (i), (ii), (iii) will now be considered in further detail, while
the discussion of condition (iv) will be postponed until the results of Sections 6,
7 and 8 are available. The first question to decide is the length of time that
can be allowed for statistical equilibrium to be established. The work of Section g
may be anticipated which shows that condition (iv) taken in conjunction with
the properties of collapsing stars fixes a time-scale of about 100 sec. for the most
rapid stages in the collapse of a star (it will be seen that the early stages of collapse
are much slower than this).

Condition (i).—This requirement will be satisfied provided all types of particle
experience an appreciable number of collisions per second. It is easy to show

* 1 M.V.=million electron volts=1-59 X 10— 6ergs.
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that this must be the case. Taking firstly the charged particles, the collision
cross-section is of order 1071 and the number of collisions experienced by a
particle is of order 10716 vn per sec., where v, n are suitably averaged values of
the velocity and particle densrcy respectlvely For the values of T, p’ under
consideration, v==10° cm. per sec., n>>10%, so that the number is of order
10%2 per sec. Thus condition (i) is satisfied by a very large margin for these
particles.

The collision cross-section for neutrons is much smaller than for charged
particles. A rough estimate of 10724 for the elastic collision cross-section of the
neutrons still gives a collision rate, however, of 10'* per sec. Thus even in this.
case the number of collisions is amply large enough for statistical equilibrium
to be established among the states of kinetic energy of the neutrons.

Condition (ii).—T o establish this condition it has to be shown that a sufficiently
large interchange of energy takes place between matter and radiation. Moreover
this interchange must take place up to energies large compared with kT. The
phrase “sufficiently large >’ may be taken to have the following precise meaning :—
that the amount of thermal energy of the material converted into radiant energy
per sec, per cm.? in any frequency range v to v+ dv must be large compared with.
the equilibrium energy density of radiation given by the Planck formula.

Swhv3dy ‘
S exp(mkT) -1} (26}

Under these conditions detailed balancing will occur and equal quantities of
radiant energy will be converted into thermal energy. It is to be expected that
it will be most difficult to establish this requirement when hv> kT, and this
case will now be considered.

~ The number of electrons with energy greater than E, per cm.? is given by

2n ®
Ay |, exp (~EIRT)E dE,
where 7, is the number of electrons per cm.3. (This statistical equilibrium
formula can be used since condition (i) is satisfied.) For the case Ey>kT,
this expression can be written to sufficient accuracy as

2n, (wk_(f)Z) exp( kz‘l) ‘ (27)

Now there is an appreciable probability that an electron will lose almost the whole
of its kinetic energy in the Bremstrahlung emission of a single quantum.* For
collisions with a nucleus of charge Z the cross-section for this process is about
5 x 10%7Z2, Combining this with (27), it is easy to see that the number of quanta
with energy greater than E, emitted by the electrons per cm.3 per sec. is of order

1 ' .
10-%n,0, ( )y Z%ﬁ) (f—;,) exp ( f,_;’,) (28)
4,7 ,

where v, is the velocity of electrons with energy E,, and the summation is taken
over all nuclei present in the material. Now the number of quanta with energy
greater than E, per cm.? under thermodynamic equilibrium is

§_7ZJ‘°° vidy __ 8aEkT _E,
¢ _pnexp ET)—1 k3 P\ T ET)

(29)

* W. Heitler, Quantum Theory of Radiation, p. 170, Oxford, 1936.
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when E,>kT. An order of magnitude estimate for the time required for
equilibrium to be set up can now be obtained by dividing (29) by (28). If we
put A=4, Z=2, 2n,=n2=10% per cm.?; v,=101° cm. per sec., E,=20 M.V,
kT=0-3 M.V., this gives a time of order 10~!2 sec. Thus condition (ii) is also
satisfied by a very large margin.

Condition (iii).—Proton, a-particle and neutron reactions will now be con-
sidered subject to the assumptions (a), (), and (c) made above. Take proton
reactions first. Since condition (i) is satisfied the number of protons per cm.?
with energy lying between E and E +dE is :

2npE*dE E
AED)E exp ( - FT)

Thus the probability of a given nucleus of atomic weight 4 and charge Z
experiencing a proton reaction in a time 8¢ is
a0

e || oA(Eyop(Byexp (~ EIRTIEVE, (30)
where o%(E) is the proton reaction cross-section of the given nucleus, and vp(E)
is the velocity of protons of energy E. The reaction cross-section increases
rapidly with E (for the range of E that makes an-appreciable contribution to the
integral (30)) on account of the Coulomb barrier of the nucleus.

Experimental cross-sections are nearly always measured at one or two discrete
values of E, and it is not possible to use measured values over the whole range
of E in (30). This integral can be estimated so far as order of magnitude is
concerned, however, by taking E*. vp(E). o%(E) outside the integral at a particular
value E, of E, where E, is chosen so that ¢%(E) is known from experiment. (This
remark assumes that the reaction under consideration is one for which experimental
measurements are available. As pointed out in the following paragraph, only
a small proportion of the reactions of interest in the present problem fall in this
class.) To avoid overestimating the integral a lower limit of E, is then used
instead of zero. 'That is, (30) can be estimated as

E. \* E
28tnp . vp(Ey)osi(E,) - <ﬁ> exp < - k_;‘> (31)

In the majority of reactions of importance in the present problem no
experimentally determined cross-sections are available and it is necessary to fall
back on the assumption (b) made above. According to this assumption when
E,=5 M.V. the cross-section o%(E)>10"% for all 4, Z. An estimate for the
probablhty of proton reactions can then be obtained by inserting these values
in (31). (If we put o4(E,)=10"% the probability will be underestimated.
It is desirable to underestimate the probabilities rather than to overestimate
them.) It follows immediately from (31) that a nucleus 4, Z will have a proton
reaction in a time of less than 100 seconds provided np is greater than the values
given in the following table :—

TasLE VIII
T 4 5 6 7 8
log np, 22°2 210 202 19°5 192
log n% 22°5 21°3 205 19°8 19°5

The assumption (b) also gives a cross-section >10"28 when E;=5 M.V. for
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a-particle reactions, so that by allowing for the difference between the thermal
velocities of the protons and o-particles we obtain immediately the corresponding
criterion for 72, in order that a nucleus 4, Z shall experience an o-particle
reaction in a time of less than 100 seconds.

The cross-sections for neutron reactions are of the order of, or less than 10724,
Moreover the neutrons do not have to penetrate a Coulomb barrier, so that the
incident neutrons may have kinetic energies of order k7. Thus the probability of
neutron reactions is far higher than the probability of proton reactions (this
follows since ny is always greater than np).

It was assumed throughout Section 2 that statistical equilibrium applies
when T>>4 x 10°°C. but not when 7'<<4 x10° °C. This statement follows im-
mediately by comparing the values of logzp in Table VII with the requirements
for statistical equilibrium given in Table VIII. It is seen that the value of np
becomes too small as T decreases below 4 x 10°°C. for condition (iii) to hold.
"This result is insensitive to the value of p’ and may be applied over the range
108 <p’ <10® gm. per cm.3.

Condition (iv).—This condition is discussed below in Section 8.

6. The Track of the Stellar Material in the Helium Zone

6.1. In Sections 3, 4 and 5 the equations of statistical equilibrium have been
set up and certain of their general properties discussed. It is now proposed to
return to the model of a collapsing star and to apply the results of Sections 3,
4 and 5 during the collapsing phase. It will be assumed throughout the present
and following sections that a state of rotational instability has not been reached.
In this connection it will be recalled that the onset of rotational instability can
be arranged to occur at any stage we please by suitably adjusting the initial
rotational velocity (see Table I).

At any particular time the values of T, p’ for the material at the centre of a
collapsing star can be represented as a point in the 7, p’-plane. This point
moves with time and the work of the present and following sections enables its
track to be found.

The equations of statistical equilibrium can be applied when 7'>4 x 10° °C.
{During the early stages of contraction the time available for equilibrium to be
set up is much greater than the value of 100 seconds mentioned in Section 5.
Thus statistical conditions may occur before T rises to 4 x 10°°C. during the
contraction. On the other hand during expansion after rotational instability
has taken place a time of several seconds only is available for establishing
-equilibrium. Thus on expansion the mixture will remain frozen when T falls
below 4 x10°°C. This question is discussed in detail in Section 8.) For the
star of mass 10 M considered in Table I the value of p" is about 5 x 10° gm. per
cm.® when 7= 4 x 10° °C., while for stars of other masses the corresponding values
.of p” are given approximately by 5 x 10%(M /M) gm. per cm.? (the central density
-of a “normal ”’ star is approximately proportional to 1/M). Thus the values of
p’, for the mass M <50 M but exceeding Chandrasekhar’s limit, lie in the range
108 <p"'<<5 x 107 gm. per cm.? at the time T reaches 4 x 10?°C. It follows therefore
‘that the material at the centre of a collapsing star crosses the line T'=4 (T now
in units of 10° °C.) at a point lying between A and B in Fig. 1. For the sake of
-definiteness a star will be considered in the following work that crosses this line
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at p’ =107 gm. per cm.? (marked D in Fig. 1).” This requires a star of mass close
to 5 Mp. To the left of the line 7'=4 it follows from (2) (which applies in this
region of the T, p’-diagram) that the track of the material at the centre of the star
1s given by

p' =107(T/4)% gm. per cm.>. (32)

This portion of the track of the material is shown in Fig. I by the curve CD.

From Fig. 1 it is seen that on passing the point D (moving from left to right
in the figure) the stellar material enters the heavy element zone. Before reaching
D the material is composed largely of helium, but on passing D the helium is
converted almost entirely into heavy elements (it will be recalled that the helium
arises by synthesis from hydrogen; this process occurring while the star is in
a ‘““normal’’ equilibrium state). Now the synthesis of heavy elements from
helium gives an important energy yield, since the packing fractions for the heavy
elements are larger than the packing fraction of helium. Indeed it is easy to see
from the values of the packing fraction given in Table II that the total amount
of energy released in the conversion of the helium must be of order Mc?/500.
This value may be compared with the total energy generated by the synthesis
of helium from hydrogen during the “normal” equilibrium state. This latter
energy is of order Mc?/125, so that the conversion of helium to heavy elements
near the point D in Fig. 1 yields about 1/4 of the total energy generated while the
star wasina ‘“‘normal ”’ state. 'This amount is large enough for a new “‘ collapsed ”’
equilibrium state to be set up, in which the material at the centre of the star is
in the neighbourhood of the point D in the T, p’-diagram. The lifetime of the
star in this new equilibrium state can only be a small fraction, however, of the
lifetime in the normal state. This is due partly to the smaller total energy yield
and partly to the increased rate of radiation from the surface (this is shown by
(5) which is proportional to R-Y2 so that the rate of radiation is considerably
larger in the collapsed equilibrium state than in the normal state). In addition
there is an important third reason explained in the following paragraph that
reduces the lifetime of the collapsed equilibrium state by an appreciable factor.

When the lifetime of the collapsed equilibrium state is over, the material at
the centre of the star will pass the point D in the 7, p’-diagram, and further
collapse of the star (further collapse must occur when energy generation ceases)
will lead to the material evolving further along the track given by (32). Now at
the point E in Fig. 1 the material reaches the helium zone, which means that
there must be a reconversion of the material from heavy elements back into helium.
In order to effect this reconversion energy must be supplied to the material
in an amount equal to the energy that was obtained on passing the point D.
There are two processes that contribute to this energy:

(1) The collapse of the star yields gravitational energy.

(2) Since the central regions of a star have a temperature higher than material
at greater distances from the centre it follows that the first material in the star
to pass the point D in the T, p’-diagram will be material lying in the central regions.
This remark taken with the fact that once the point D has been passed the evolution
from D to E will be comparatively rapid, shows that material at the centre will
have reached E before an appreciable fraction of the remaining material of the
star has passed D. Thus owing to the star not being at a uniform temperature
the process of conversion of helium to heavy elements and the reverse process
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of reconversion back to helium will be mixed together, and a proportion of the
energy released in the first process will be available for use in the reverse process.

Although it is certain that gravitational energy is required for the reconversion
of the heavy elements back to helium it is not possible to estimate the amount
quantitatively without calculating the amount of energy that is available through
the process (2) of the previous paragraph. This is difficult and will not be
attempted. For the present purpose it is sufficient to know that gravitational
energy is required before the stellar material can enter the helium zone. Thus
when the track of the material reaches E in the 7, p’-diagram, gravitational
energy must be supplied before the track can enter the helium zone. Now the
value of p’ increases whilst the gravitational energy is being supplied, so that
the point in the T, p’-diagram (representing the material) must move during the
time that this energy is made available. It follows therefore that during the
supply of the gravitational energy the track of the material must move along the
curve that divides the heavy element zone from the helium zone. 'This portion of
the track is marked EF in Fig. 1. The important result follows immediately
that since the curve EF does not satisfy (32) the hydrostatic equation of support
(1) cannot now be satisfied even as an approximation. Stated in more physical
terms, when the point E is reached the temperature cannot increase at a sufficiently
rapid rate for (I) to be approximately satisfied because the gravitational energy
supplied by contraction is swallowed up by the reconversion of heavy elements
tohelium. We may anticipate the results of Section g by stating that the evolution
of the material along EF only takes a time of several seconds. Thus the collapse
of the star becomes extremely swift when the point Eisreached. As will be shown
in 6.2 and Section 7 this rapid collapse is also maintained beyond F. Thus the
point E is of the nature of a critical point; before E is reached the collapse of the
star is very slow (occupying a time of several thousand years at least) whilst
beyond E the collapse is catastrophic, the whole evolution then being carried
out in a time of a few seconds.

6.2. The next step in the investigation is to trace the track of the material
through the helium zone. In this work we shall be concerned with densities
that rise appreciably above 10° gm. per cm. These high densities necessitate an
important change in the formula for the internal energy of the material. Up to
now it has been sufficiently accurate to take the thermal energy of the material
as 3Rp7/2p per cm.®. This expression together with the energy density a7
of the radiation gave the total energy per cm.® used in the above work. At
sufficiently high densities, however, the quantity 3®p7/2u+aT* becomes
appreciably less than the energy of degeneracy of the electrons. The latter
energy is given by the expression * ,

2mmicdxt|he, (33)
when x>1 (powers of x smaller than x* being neglected). When (21), which
expresses X in terms of p’, is used (33) takes the form

1-53 x T0¥%(p'). (33')
It is seen that (33") exceeds 33’ T/2p when p’/u=10° gm. per cm.? T'<<10° °C,
The contribution (33") to the energy of the material arises from the Pauli exclusion,
principle which requires the average energy of the degenerate electrons to be large

* S. Chandrasekhar, op. cit., p. 392.
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when the density is high (this is quite apart from the value of the temperature T,
and would apply even if T were zero). In the following discussion the ordinary
thermal energy of the material and the energy of radiation will both be neglected
in comparison with (33"). ‘

The results given in Table VI show that T can only rise to 10%° °C. if ny takes
avalue comparable withn3. Thusin order for T to rise to 10 in the T, p’-diagram
an appreciable quantity of helium must be converted into free neutrons. Now
a large quantity of energy has to be supplied to the stellar material to make this
conversion possible. This energy can only be derived from the gravitational
energy supplied by the collapse of the star. 'Thus the situation is similar to that
occurring between the points E and F. That is, the energy supplied by con-
traction is largely absorbed in nuclear reactions and only a small proportion
goes into raising the temperature of the material. Between E and F the energy
is absorbed by the reconversion of heavy elements to helium, whereas inside
the helium zone the energy is used up in producing free neutrons. This is
the reason why the rapid collapse of the star between F and E must continue
after the material has entered the helium zone.

An order of magnitude estimate for the amount of energy released in the
collapse of the star can be obtained in terms of p’ and M. The ““energy released”
in the present sense is meant to include energy that is available for absorption
in any of the following three ways * :—

(1) Inincreasing the value of 7. This energy not only includes the increased
thermal energy of the material and the increased energy of radiation but also
the loss of energy by neutrino emission in the B-processes. The loss of energy
through neutrino emission would have the effect of reducing 7" if energy were not
absorbed to make good the loss. - :

(2) In increasing the energy of rotation of the star.

(3) In increasing the ratio ny/n3.

As the effect of neutrino emission is more conveniently dealt with at a later
stage (Section 8) this sink of energy will be neglected for the moment. Inaddition
the absorption of energy in increasing the energy of rotation only becomes
important when the star is nearing the state of rotational instability. Thus, since
in the present discussion the star is not regarded as being in any imminent
danger of becoming rotationally unstable, the energy absorbed in (2) may also
be neglected. '

The gravitational potential energy — Q of the star is given by

_16m2G J :p(r)rdr J: (7)) dr, (34)

where R is the radius of the star. If we assume that whatever the values of M, R
the star is always a member of a single homologous series, it follows from (34) that
Q is of the form

Q(M, R)=BM?R, (35)

where B is independent of M, R. This assumption would not be permissible
in an accurate calculation but can properly be used in making an order of magnitude
estimate for Q. At first sight it might seem that the energy released (in.the sense

* Once the point E has been passed the amount of energy radiated from the surface of the star
is negligible compared with the energy absorbed in these processes.
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of the previous paragraph) in a contraction of the star from R to R — 38R should
be given by Q(M, R—38R)—Q(M, R) but this is not the case because energy has.
to be supplied merely in order to increase the density of the stellar material..
Thus according to (33) the total ““energy of degeneracy’’ of the star is given by

R
61 x 10V f (")ir2 dr.
0

In an order of magnitude calculation the contribution of the neutrons to p can.
be neglected, and we may put p’'=p in (36). It then follows by using the
assumption of the homologous series that the energy of degeneracy is of the form

: CM%/R’ (37)
where C is independent of M, R.
Since (35) and (37) depend differently on M there must be some value of the

mass for which these two quantities are equal. According to Chandrasekhar *

this occurs when M is equal to the limiting mass 5-75 M /u2=M,, say. Thus
for M>M,, we have

Q \ N ( M >5
'l'otal energy of degeneracy \M,,/ °
Moreover, since the total energy released is given by
Q —[Total energy of degeneracy],

it follows that
[Total energy released] =[Total energy of degeneracy]. [(M/M,)}—1]. (38)

Now the energy of degeneracy per cm.? is given by (33") so that the energy released
per cm.® can be estimated as

1:53 x T0(p YH{(M] M) — 1.
This expression can be replaced by the two equations
[Energy released per cm.3] =153 x 103¥a(p)f,
c~on s | (Go)

The purpose of this apparently trivial step is that values of « can be specified
and the first of equations (39) can be regarded as an accurate equation for the
energy released. The second of equations (39) then becomes an equation that
determines M approximately in terms of the specified «. In other words, instead
of specifying M and calculating the energy release approximately we can specify
the energy release and calculate the mass approximately. Since it is the energy
release that is required in the present work and not the mass the second alternative:
is preferable. It might seem that the procedure of specifying the energy
release renders the above investigation superfluous. This is not the case,
however, for we have to be sure that the values we specify are reasonable values.
and this cannot be decided unless the above discussion of order of magnitude
is given.

The energy absorbed in increasing the thermal energy of the stellar material
and the energy density of radiation is small compared with (33'). Thus since the
energy absorbed in increasing the rotation of the star and in making good the:
loss of energy by neutrino emission is being neglected in the present discussion,.

* S. Chandrasekhar, op. cit. p. 424.
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effectively the whole of the energy released is to be regarded as absorbed in the
production of free neutrons. The energy required to produce one free neutron
is about myc?/125. Thus the free neutron density is given by dividing the
energy released per cm.? by myc?/125. This gives

logny =201+ ;—:logp’ +logua. (40)

This equation plays a very important part in the following discussion. The
value of M is given approximately in terms of o by the second of equations (39).
A selection of corresponding values of M,and « are given in the following table :—

TasrLe IX .
MM, 1 2 3 5 i 1o 15
o 1  ©0°'59 1-08 1°92 2-66 3-64 5-08

If the value of logny given by (40) is substituted in (25) the following equation

between 7 and p’ is obtained :—
_ 473(7°57 —0-271y)
11-03—13/12logp’ +9/8log T—loga

Equation (41) gives the track of the stellar material in the helium zone. We now
see that the neglect of the rotational energy and the energy lostin neutrino emission
has very little effect on the track of the material. Absorption of energy by these
processes could be included by suitably altering the value of & in (41), but since
« appears only through its logarithm the consequent change in 7" would be very
small.

It is convenient in numerical calculations based on (41) to put 9/8log T" equal
to arepresentative constant. Forthecasea=0-24, M/M, =1-4,putg/8log T'=1.
The values of T corresponding to a set of values of p’ are then easily obtained.

TaBLe X
a=0°24, M/M, == 1-4.

(41)

p’ (gm. per cm.?) 108 10° 100
y 332 75 166
T (in units of 10° °C.) 7-9 90 8-0

The error introduced by putting log T'=8/9 is evidently very slight. Similar
sets of values can be obtained for other values of « (that is, for other values of
M/M,,). An important result emerges from the values given in Table X.
The two points p’' =108, T=7-9; p'=10° T=gqg-0 lie within the helium zone
(see 4.1), but the point p' =10, T'=_8-0 lies in the heavy element zone. This
means that the track of the stellar material passes through the helium zone and
moves out again into the heavy element zone. 'This is a general result and does
not depend on the particular value of « used in Table X. Thus if we are to follow
the track of the material at densities higher than 10° gm. per cm.? it is necessary
also to work out the track in the heavy element zone. This question will now be
considered.

7. The Track of Stellar Material in the Heavy Element Zone

If A, Z are chosen so that (Q4 —0-543yZ)/A4 is a maximum with respect to
both A and Z then in the heavy element zone

P, = Anfl”ZP’
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because, as shown in Section 4, these values of 4, Z give the most abundant
heavy element. If this maximum value is denoted by (Q%/4 —0'543yZ]A)max
then we obtain from equation (19’)

2408 Sloe T— 473 (94 _05439Z
logny =34 08+210gT T (A yi Z>max, (42)

since the last term on the right-hand side of (19’) is negligible when
p'==An%myp (it will be recalled that for the most abundant element 4>50). When
p’ <10° gm. per cm.? the contribution of the y term is small and

(§-22) (@)

In this case (Q 2| A)max is determined, as in Section 4, by using the values of
Q% measured in the laboratory At very high densities, however, the term in y
becomes important and it is no longer possible to obtain (Q%/A4—o- 543yZ/A)ma\
directly from laboratory data. It is then necessary to use an expression for
Q%] A as an explicit function of 4, Z.  Such an expression due to Weizsicker
is available and can be written in the form *
A—27Z)% 142 062522
QA =I149— ZI( A2 ) - 2§ - Ag (43)

The first term on the right-hand side is the main term; the second term is a cor-
rection arising from the Fermi-Dirac statistics satisfied by the proton and neutron ;
the third term is a surface effect; the fourth term represents the electrical energy
of the nucleus arising from the Coulomb forces between the protons. This
expression is in good agreement with the measured values of Q%/4 over the whole
range of the periodic table. Using (43) we have

I Z
(04— 0543yZ)= — (51 + 142474 + (84— 0343y)

Z2
— 73(84+0-6254%). (44)

The maximum value of (44) with respect to Z is given by

2Z _ 1—0-00047y

Z 1 + 0.00744_A§ (45)
and is equal to
21(1—0-00047y)2

(= 2 A~
(5-1+14-24-%) + T Tooo At - (46)

The maximum value of (46) is given by putting A= 4,,,., where
(T + 0-00744A4%)?

Arax =45 44 <75 00 g (47)
Substituting A = A,,,. in (45) and (46) gives
Z .
<%i -- Sf_y 954 - (100074440 ) = (5T + 142455 l |
(48)

Z) I—0-00047y
A Jmax  I+o0-00744A4% 7

* H. A. Bethe and R. F. Bacher, Rev. mod. phys., 8, 82, 165, 1936.
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where (2Z/A ),y 1s the value of (2Z/A4) for the element of maximum abundance.

Itfollows from the equations derived above that A, and (Q%/A—0-543yZ[ A)max
are functions of p’. The following table gives a selection of values of 4,
(2Z]A) s, and (Q%/A —0-543yZ/A)yay for various p’. (It may be noted that
the free neutrons cease to obey “classical’’ statistics when the density exceeds.
the values given in this table. The statistical equations would require modi-
fication before they could be applied to degenerate neutrons.)

"TaBLE XI
log p’ ' 1008 11°04 11°27 11°49 11°59 1179
y 184 382 457 54°1 58-6 68-0
Amax 75 110 130 160 180 240
7 o VA

(QA—M—) 467 2°10 084 —o0'45 —1'07 —2-27

A A max

2Z
(——) 078 0-65 0°59 0°53 0°50 044

A max

The above values show that for sufficiently high p’ the most abundant element in
the heavy element zone lies at the top end of the periodic table. This is one of
the most important results derived in the present paper. It arises directly from
the term in y which is due to the degeneracy of the electrons. 'The values given
for (2Z/A)ax show that at these high densities the ratio of neutrons to protons
present in the heavy elements is far higher than is found in the laboratory.

The discussion of the track of the stellar material in the heavy element zone of
the T, p’-diagram is similar to that given in 6.2 for the helium zone, except that
in place of equation (25) for the helium zone we now have equations (42), (47)
and (48). These latter equations together with (40) determine the track of the
material in the heavy element zone. The equation for T corresponding to
(41) is
{(954°2/ Amax) - (1 +0:00744 A55s) = (51 + 14245 )}

13-98 +3/2log T'— 4/3logp’ —log«
where A, is given in terms of y (and consequently in terms of p’) by (47)-
Thus (49) gives T as a function of p’ and therefore gives the required track of the
stellar material in the T, p’-diagram. It is again convenient to put log T" equal
to a representative constant in the numerical work. The following table gives
values of T, ny, np for a set of values of p’ for the case a =024 :—

T=473 , (49)

TaBLe XI1I
o=0"24, log T=0-853.
log p’ 10°08 10°56 11°04 11°27
T 909 1078 8-64 473
log 7, 329 3376 342 345
log 7, 277 273 22-8 97

The outstanding feature of this table is the very rapid decrease in 7p when p’
rises to 10! gm. per cm.3. The reason why 7zp decreases so' rapidly is that
equations (40) and (42) prevent T rising appreciably above 10 (if T were to rise
appreciably above 10 then equation (42) would give a value of ny that was too
large to be consistent with (40). This limitation in temperature is a direct
result of the absorption in free neutron production of the energy released in the
collapse of the star). Thus as p’ increases the second term on the right-hand
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side of (18) increases until it becomes comparable with logny. At this stage
both np and T decrease very rapidly. Thus beyond this stage it is probably
unsafe to employ the equations of statistical equilibrium. This means that
the relative abundances of the elements can no longer be calculated on a statistical
basis. The problem evidently becomes of extreme complexity, for nuclear
reactions can continue to be important for some elements and can become un-
important for others. Indeed it seems possible that some elements may become
frozen simply as a result of a sufficiently large increase in density.

The values given in Tables X and XII depend on the value « =0-24 used in
the computations. For other values of a a curve similar to that shown in Fig. 1
can be obtained. In particular the values of 7', p" at the point where statistical
equilibrium breaks down depend on «. The values of 7, p’ near this break-
down point are given in the following table for a selection of values of o:—

N

TasLe XIII
o 1-07 2°69 3-89 5°49
T (at break-down
point) 979 11°58 12°50 1455
p’ (at break-down
point) 11°27 1I'49 11°59 1179
Atomic weight of
most abundant
elementat break-
down point 130 160 180 240

Thevaluesgivenin Table XIII show the very important result that for sufficiently
large « the most abundant element at the break-down point lies at the upper end
of the periodic table.

In following the track of the material in the T, p’-diagram we have referred
explicitly to the material at the centre of the star. 'The above discussion enables
the case of material not at the centre to be immediately included, for the only
difference that can arise is through a difference in the value of the parameter o.
It is to be expected that « will have a different value in different parts of the star
(« could only be constant throughout the star if there was a very special distribution
of material in the star. There seems to be no reason why a rapidly collapsing
star should in general satisfy such a special distribution). This means that there
will be a variation in both the statistical break-down point and the element of
maximum abundance at the break-down point as we pass from one part of the
star to another. )

The discussion of the track of the stellar material given in the present and
previous sections depends on equation (40). This equation applies only so
long as insufficient energy is released by the contraction of the star to convert
effectively the whole of the material into neutrons. If, however, the collapse
of the star continues after material reaches the break-down point, a stage must
eventually be reached at which equation (40) no longer holds. At this stage
energy is again available to raise the temperature of the material and this has the
effect of increasing np. Thus it is possible for statistical equilibrium to be
resumed if the contraction of the star should proceed sufficiently far before
rotational instability occurs. It is unnecessary for the purpose of the present

25
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paper to consider the properties of the material in this new state, and this will
not be attempted.

8. The Chemical Composition of Material thrown off by certain
Rotationally Unstable Collapsing Stars

8.1. Preliminary Remarks.—In the present section the results so far obtained
will be used to give a discussion of the relative abundances of the elements
distributed in interstellar space by the process of rotational instability. Since
we are considering a star with mass appreciably greater than Chandrasekhar’s
limit it follows that collapse must continue until rotational instability occurs.*
For the sake of definiteness a star of initial mass 20 M will be considered, so
that a large fraction of the mass must be thrown off in the instability process in
order that the mass of the remaining nucleus be reduced to a value comparable
with Chandrasekhar’s limit.

When the star becomes rotationally unstable the material thrown off expands
against the powerful gravitational field of the star. At first sight the expansion
seems to be exactly the reverse of the compression that occurred during the
contraction of the star, but it turns out that there is an important difference
between these two processes. If we consider the stellar material during the
stage of compression before the break-down point is reached, and we imagine
that some cause momentarily reduces the temperature sufficiently for nuclear
reactions effectively to cease, then absorption of energy by the nuclear reactions
will also effectively cease. Thus a surplus of energy will be available that
raises the temperature of the material until statistical equilibrium is again set up.
This means that before the break-down point is reached the material during
compression is automatically governed to remain in statistical equilibrium. An
opposite situation occurs during the expansion of the material thrown off by
rotational instability. For if nuclear reactions cease during expansion then the
supply of energy decreases since energy is no longer made available by the
nuclear reactions. Accordingly there is no automatic governing effect during
expansion and material once frozen will become even more effectively frozen
as the expansion proceeds.

In view of the remarks of the previous paragraph it is evidently plausible to
suppose that some of the ejected material remains frozen during the expansion,
and in the following discussion it will be assumed that the quantity of this frozen
material amounts to a few per cent. of the total material thrown off by the
instability process. Thus the present discussion divides into two parts :—

Case1.—To obtain the composition of material that moves during the expansion
in a reverse direction along a track in the 7', p’-diagram similar to that shown in
Fig. 1.

Case 2.—To obtain the composition of material that remains frozen during
the instability process. '

The quantity of material satisfying Case 2 is only a few per cent. of the material
satisfying Case 1. Case I is considered in 8.2z and Case 2 in 8.3.

8.2. The composition of material in Case 1.—The final composition of this
material is determined by the composition at the time it crosses the line AB,
since the material must freeze when 7" decreases below 4 x 10° °C. Thus the final

* F. Hoyle. In course of publication.
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composition is close to that occurring at the point D in the T, p’-diagram. It will
be shown that the composition at this point is roughly uniform over the lower
half of the periodic table.

The relative abundance 7nZ./n% is easﬂy obtained from equation (I9) in
terms of y, 7. 'Thus we have

logn% =34-08 + g-log T+ 3 logA+ fj—;(lognﬁ',—34-08— 3Iog T- §logA )

+ 4734 Z' Z
£734 (%’; % oy (£ - 2D). )

On the line AB of Fig. T we have T'=4, and to a sufficient approximation the-
experimental values of Q4/4 can be used. In addition the term in y can be
neglected when p’ is of order 107 gm. per cm.2. To this approximation equation.
(59) does not involve p’, and if #%. is specified for a given pair of values 4’, Z’
the corresponding values of # can be worked out for all other 4, Z. The density
p is then given by
p==p'=mp % Anf,
4,7

since the contribution of the free neutrons to the density of the material is small
when'T =4, p" =107 gm. percm.3. Thusspecifying nZ.is equivalent to specifyingp’.
In fact it can be shown by calculation that if we specify nZ; for example, then
p’ is roughly proportional to nZs for values of p’ lying between A and B in Fig. 1.
The value 7f = 1028 was adopted in calculating the following selection of values.
of n% (it being more convenient to specify n%. than to specify p) :—

TaBrLE XIV
Element He* 01 Si28 Feb¢ Cus? Kr® Snlis Pps
log 74 272 20°2 237 28 267 18-8 —33 —222°8

The total density given by this distribution is close to 107 gm. per cm.2. Thus
the distribution at the point D in Fig. 1 has approximately the form given in
Table XIV.

“The rather small oxygen abundance given in Table XIV arises from adopting
an approximation in which the whole of the material freezes at 7=4. In a more
accurate treatment it would be necessary to take account of the fact that nuclear
reactions among light elements will persist to a lower temperature than for
nuclei with 4>30. This must be the case because the proton and «-particle
energies required to penetrate the Coulomb barriers is less for the light nuclei.
Thus in the cooling of the material a temperature will be reached at which nuclear
reactions can be regarded as taking place for 4<C30, but as being effectively
frozen for A>30. When this occurs the large helium content shown in Table XIV
tends to be converted into elements with atomic weights up to 30. This effect
can be seen by considering the helium-oxygen ratio at temperatures less than
T=4. From equation (50) we then have

logn=3408+ g log T+ 3 log 16 + 4(log n% —34-08 — g log4T)

+% 47 (Q16—4Q4) (51)
Putting Qw/Ib 854, Q3/4=757 it is easy to see from (51) that n becomes

25 %
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comparable in magnitude with #Z when T is close to 3. For this temperature
it can be shown that

' logny=lognp ==21.
It may be concluded that if equilibrium among light nuclei persists down to
T =3 then the helium present at T'=4 will be largely converted into elements
lying between carbon and silicon. '

8.3. The composition of material in Case 2.—The results given in Table XI
show that the composition of material that remains frozen during the expansion
depends on the density attained at the onset of the instability process. The
most abundant element present in a particular sample of this material must
consequently vary according to the region of the star that supplies the material
in question. Thus, if for the sake of definiteness, the central density is taken
to be 5x 10 gm. per cm.® then material derived from near the centre of the
star must have A, close to 240, while on the other hand material derived
from the outer parts of the star will only attain a density comparable with
the mean density of the star. Allowing for the central density exceeding the
mean by a factor of 20, it follows that the latter material attains a density of order
2:5 x 101 gm. per cm.3, and according to Table XI such material must have
Apax<<x10. It is to be expected therefore that the average composition of all
material satisfying Case 2 will consist of a fairly uniform distribution of the
elements over the upper half of the periodic table, smce such an average must
include contributions from all parts of the star.

It is tacitly assumed in the previous paragraph that material can attain a
density of 5 x 101! gm. per cm. 8 without the statistical break-down point being
reached. The values given in Table XIII show that this W111 be the case if
the parameter « is greater than 5.

The discussion of the composition in the case where material reaches the
break-down point is more complicated than that given above, since it is then
necessary to replace the statistical equations by a consideration of individual
reactions. 'This discussion will not be attempted in the present paper. It may
however be noted that the slowing down of nuclear reactions at the break-down
point must make such material particularly likely to remain frozen during the
subsequent expansion.

9. The Effect of B-processes on the Rate of Collapse of a Star

9.1. The Rate of Collapse of the Star.—It is convenient at this stage to discuss
the condition (iv) of Section 5. The requirement is that a sufficient number
of interchanges between neutrons and protons must take place for equation (18)
to be applicable.

If the time required for (18) to be established is less than the time of free fall
of the star, then the star will collapse freely along the portion FG of the track
of stellar material in the p’, T-diagram. On the other hand, if the time of free
fall is less than the time required for (18) to be established then the evolution of
the stellar material along FG is determined by the time required for (x8) to be
established and not by the time of free fall. The reason for this is clear, for if
equation (18) is not satisfied, free neutrons will not be produced at the rate
calculated above. But it is the production of free neutrons that removes energy
and is responsible for the rapid collapse of the star. This means that free fall of
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the star is not possible unless equation (18) is satisfied. 'The situation is that
the star will collapse at a rate given either by the time required for condition (iv)
to be established or by the time of free fall, according to which of these two
times is the longer. The purpose of the present section is to estimate these
two times. '

The time required for the free fall of the star is easily estimated, so far as an
order of magnitude is concerned, from the formula 1/(R3/GM) where R is the

radius of the star at F. This formula can be written as V/(3/47Gp) where p is.

the mean density of the star at the time when the material near the centre is at F.
This requires a central density of about 2 x 108 gm. per cm.? which corresponds.
to a mean density of about 107 gm. per cm.®. The value of 1/(3/4=Gp) for
p=107 gm. per cm.? is 0-42 sec., which may be compared with the resuit
obtained below, that the time required for (18) to be established is of the order of
100 sec. It is seen therefore that the rate of collapse is determined by the time
required for equilibrium to be set up between the protons and neutrons.

9.2. Concerning B-processes.—It is seen from Table X1 that (2Z/Ap,x) is close
to 0'5 when p’ exceeds 10! gm. per cm.3. 'This value is much less than the value
of 2Z/A occurring under laboratory conditions. Thus even for uranium the
quantity 2Z/A is as large as 0-77 while for lighter elements 2Z/4 is of course
greater still. It follows therefore that the nuclei considered in the discussion
of Section 7 would be extremely unstable against S-disintegration under laboratory
conditions. Thus such nuclei thrown off by a rotationally unstable star must.
rapidly be converted into nuclei with the values of 2Z/4 found on Earth. An
estimate for the period of decay under laboratory conditions can easily be given.
The upper limit of the B-spectrum is given by putting 2Z/4 =05 in (@4 — 057 %).
The value of (% — Q%™ 1) is given to sufficient accuracy by differentiating Q% with.
respect to Z. This gives

84 <1 _ %) - I'lfl—iz m.m.U., (52

and on putting 2Z/A=0-5 we obtain an upper limit to the p-spectrum of
(42 —0-312/4%) m.m.U., which is close to 39 M.V. Now according to the
Fermi theory of B-decay the lifetime of an allowed transition is given by
257402 /§

15h7c8 °
when the following assumptions are made :—

(33)

k4

(1) The upper limit W, of the spectrum is appreciably greater than the rest:

mass of the electron.

(ii) The effect of the Coulomb field of the nucleus on the wave function of
the emitted electron is neglected.

(iif) The matrix element for the B-transition is put equal to unity, so that g
is the 8 decay constant.
The requirement (i) is satisfied by a large margin in the present problem,
but (ii) and (iii) are not satisfied for nuclei at the top end of the periodic table.
However, it is known that the effect of the Coulomb field is to decrease the life-
time of an unstable nucleus while on the other hand the matrix element contributed
by the initial and final wave functions of the nucleus increases the lifetime as
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the atomic weight 4 increases. The laboratory data shows that these two effects
approximately cancel each other, so that (53) may be used as an approximate
formula over the whole range of atomic weight.

The constant g is not known from theoretical considerations and the usual
procedure is to fix g from the observed lifetime of a typical B-decaying substance.
As a reasonable estimate a lifetime of one second for an allowed B-reaction with
a spectrum of upper limit 7-5 M.V. may be taken. Thus the case discussed
above in which the upper limit is 39 M.V. would have a lifetime of 2-6 x 10~* sec.
It is particularly to be noted that this lifetime refers to laboratory conditions
and could not arise for material in a star. 'The reason for this is that the emission
of electrons is prevented by degeneracy. Thus if we take a nucleus with a value
of Z>Z,,, electrons cannot be emitted because the effect of degeneracy is to
fill the electron levels to a value higher than the upper limits of the B-spectra. When
Z =Z .« the upper limit of the S-spectrum becomes equal to the top of the
energy levels filled by the electrons while for Z>Z_,, the S-spectra have upper
limits that exceed the highest energies of the degenerate electrons. This
situation was of course taken care of in Section 7 when the maximum value of
(Q% —0-543yZ) with respect to Z was obtained.*

It follows from the remarks of the previous paragraphs that under equilibrium
conditions B-disintegrations in a star only occur for nuclei with Z<Z,,, Thus
in order to obtain the rate at which B-disintegrations occur under statistical
equlhbnum it is necessary to estimate the ratio nZ%/nmex for Z<Z_,. This
ratio is obtained immediately by putting A'=A4, Z'=Z_,, in equation (50),
which gives

low (™4 473 73 z

og( Zm) = — T {(Qmx — 0543y Znex) — (04 —054392)},  (54)
Expanding the right-hand 31de of (54) by Taylor’s theorem gives

1 n% 2:36 P a2 7

og (— )= — 7 (Zuax—2) {d—Zz(Qi — 0543y )}Z=Z

ngmax

when 0<<(I —Z/Z,:)?><1, since —d—(Qf—o-543yZ) =0. (55)
dz ~Zpax
Equation (55) gives the required formula for the number of nuclei that are
unstable against ,B-decay

Now the expression (53) can no longer be used on account of electron de-

generacy. For a nucleus of charge Z such that o<1 —Z/Z . <1 the difference

between the upper limit W, of the B-spectrum and the highest energies of the
degenerate electrons is given by

Z— Zmax)* { _ 84(Z—Zmax)2 »
2 dzz(QA O 5433’2) Z=Zopgn - A . (56)
Thus p-disintegration can only occur if the energy W of the emitted electron

satisfies the inequality

Wy>W> WO—S“—(ZLAZ-E&)“, (57)

* At first sight it seems strange that the mathematics deals so easily with this matter. But
this is the outstanding feature of statistical mechanics. So long as statistical equilibrium occurs
the equilibrium properties of an assembly can be determined without direct reference to individual
processes being necessary.
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where W, W, are measured in milli-mass units. The fraction of the electrons
emitted in this range is given by

W,
f W(W?2/mch — 1YWy~ W)2dW

Wo—84Z — Zypp)'lA
W,
- J W(W2Jm2ct — T\ Wy — WdW, (58)
0

where mc? is the rest mass of the electron, measured in m.m.U. The result (58)
follows immediately from the well-known spectrum

W(W?/mict—1)}(Wy— W )2dW
given by the Fermi theory. When Wy/m 2> 1 and 84(Z — Z,,;)*/A < W, the
expression (58) is given to sufficient accuracy by

84(Z —Zma.x)2 8

IO{—VVO—A'} . (59)

Thus the lifetime against B-disintegration in a star is given by dividing (53)
by (59). Using the value 2:6 x 10~* sec. obtained above for (53) this gives a life-

time of
w,A 3
26 X 100 {—-——0—-—} sec..

Since it is sufficiently accurate to put Wy=42 m.m.U. for all Z<Z ,; and

_473 84(Z—Zmax)*

A
n
4 =10 T 4

"ﬁmax
it follows that the number of B-disintegrations per sec. given by all nuclei of
atomic weight 4 is
_473 84(Z — Zmax)*

75 S (Z—Zgw)1o T A4 (60)
Z<Zpay :

3+I X 1057 5max

and the fotal number of B-disintegrations occurring per cm.? per sec. is

473 84Z—Zmax)*
FIXION “= 3 (Z=Zg)'10” T 4 (61)
4 Z<Zpax

The main contribution to the series in (60) comes from Z close to Z,, for
all values of 4. In order to evaluate (60) for various A4 it is necessary to specify
473/T.. Over the portion of the T, p’-diagram that is of interest (that is, between
F and G) we may take 0-5 as a representative value for 4-73/T. The following
table gives expression (60) divided by nmax, for a set of values of 4:—

ngmax

TasLE XV
A 16 56 126 252
Expression (60)/n/max 018 0°43 0°65 0'92

Table XV shows the surprising result that the number of S-disintegrations is a
roughly constant multiple of #fmax for all values of 4 from 56 up to the top of
the periodic table. It follows therefore that (61) is given approximately by

2 2p
= X pmax .
3 A 4 3mPAmx

’
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Thus we reach the important conclusion that the number of B-disintegrations
occurring per cm.? per sec, for material in the heavy element zone is of order
2p’ [3mp A,y no matter what value of p’ is chosen on the portion F to G of the
track of the stellar material.

Under equilibrium conditions the number of inverse B-processes involving
electron capture must be equal to the number of direct disintegrations calculated
above. Thus the number of inverse B-process is of order 2p’/3mpAy.x per cm.3
persec. A direct calculation of the number of inverse B-processes could be given
but it is more convenient to follow the method given above. It may be noted
that the inverse B-processes arise from electron capture by nuclei with Z>Z,y
The reason for this is that the energy of the captured electrons must exceed the
upper limits of the B-spectra and this requires Z>Z,,, This result deserves
comment for it means that the direct -disintegrations occur for Z<<Z,, while
the inverse processes occur for Z>Z, .. 'Thus there can be no detailed balancing.
The total number of direct B-disintegrations in an equilibrium state is of course
equal to the number of inverse processes even if there is no detailed balancing
in individual reactions. At first sight this lack of detailed balancing seems to
be in opposition to the well-known argument of statistical mechanics that seeks
to establish detailed balancing from a consideration of the Hermitian character
of the Hamiltonian of the assembly. But there is no such contradiction because
the argument based on the Hermitian property of the Hamiltonian depends
on the assembly being in strict thermodynamic equilibrium, whereas our
assembly is notin thermodynamicequilibrium because the density of free neutrinos
is effectively zero (the system is in equilibrium in the sense that average values
can be calculated for n%, np, ny and n,, but this does not constitute strict thermo-
dynamic equilibrium and is really a steady state distribution). The break-
down of thermodynamic equilibrium is seen as soon as we consider reactions
involving neutrinos. Thus a neutrino is always emitted in a state of positive
energy, but a neutrino can never be captured in a state of positive energy.
Accordingly the neutrino reactions are not thermodynamically reversible and
it is therefore not surprising that detailed balancing does not occur in these
reactions.* It is precisely this property of the neutrino reactions that requires
the direct B-disintegrations to occur for Z<Z,,. and the inverse reactions to
occur for Z>Z .

We are now in a position to estimate the length of time required for statistical
equilibrium between neutrons and protons to be set up. The way in which
statistical equilibrium comes to be set up is easily understood. Consider a
departure from statistical equilibrium in which

ni > (ni)equﬂibrium, when Z > Zmax,
nft <(n§)equilibrium, When Z <Zmax, (62)
an = E(nf)eqlﬁlibrium,

This has the effect of reducing the number of direct B-disintegrations below the
equilibrium value, while the rate of the inverse B-processes on the other hand

* Gamow and Schoenberg, Phys. Rev., 59, 539, 1941, use detailed balancing in neutrino
reactions in order to calculate nZA’"l /nf . The writer is not in agreement with this assumption as
the value of nﬁ_l/ng must be calculated from the full scheme of equations involving equilibrium
between the nuclei and cannot be calculated from the neutrino reactions alone.
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is increased. This follows immediately since the direct disintegrations occur
for nuclei with Z<Z,,, and the inverse processes for Z>Z,_, .~ Thus under
the conditions (62) the rate of the inverse processes must exceed the rate of the
direct disintegrations. Moreover the rate of the direct processes can be reduced
to a negligible value by putting <E nZ==0. The rate of the inverse processes on
z max

the other hand cannot be much increased above the equilibrium value.
Accordingly it follows that an excess of inverse processes over direct disinte-
grations amounting to I/2 mp per gm. can be produced in a time of order

I 2 _ 34w

ZmP.SAmame 4

which is of the order of 100 sec.

The above investigation shows that the time taken for S-processes to establish
statistical equilibrium between protons and neutrons is appreciably longer than
the time of free fall of the star which is of order one second (see 9.1). Thus
the time scale of the contraction is determined by the S-processes and not by the
time of free fall. This result enables the loss of energy by neutrino emission
to be calculated fairly accurately, since the total number of B-processes occurring
before the onset of rotational instability cannot appreciably exceed I/2mp per
gm. Now the great majority of these reactions occur for nuclei with Z close
to Zpy.« and consequently the energy of emission of the neutrino must be small
compared with the upper limits of the B-spectra. Expressed quantitatively
the energy of an emitted neutrino must be less than

sec.,

A

Thus it follows, since 4,.>50, that 1 M.V. is a representative estimate for the
average energy of the emitted neutrinos. Accordingly the energy lost by
neutrino emission cannot be much greater than 5 x 107 ergs per gram of stellar
material. This value may be compared with the energy required to produce
the large number of free neutrons present in material with density greater than
101 gm. per cm.8. The energy required to liberate these neutrons from the nuclet
is approximately ¢2/135 per gm. Accordingly the energy required to liberate
the neutrons is about 7 x 10'® ergs per gm, as against 5 x 107 ergs per gm. for
the loss of energy by neutrino emission. 'This result shows that the energy lost
in neutrino emission is small compared with the energy absorbed by the other
nuclear reactions. This provides justification for our neglect of the neutrino
energy loss in the work of Sections 6 and 7.

Finally the important point may be noted that because the time-scale for the
contraction of the star is determined by the time required for equilibrium to be
set up in the B-processes, the material of the star is never strictly in a steady
equilibrium state. In a fuller discussion it would be necessary to take account
of variations from the steady state and this would undoubtedly involve a more
complicated theory than that given above. This has not been attempted in the
present paper because it is desirable to begin by exploring the equilibrium theory.
Moreover the present method of determining the track of stellar material in the
T, p'~-diagram already takes account of the main features associated with the
changing state of the material.
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10. Novae, Supernovae and the Origin of the Solar System

The work of previous sections shows that when material near the centre of
a collapsing star reaches the point E of Fig. 1 the hydrostatic equation of support
ceases to hold even as an approximation. Thus the collapse and the onset of
rotational instability is catastrophic provided rotational instability does not occur
before the point E is reached. Collapsing stars that satisfy the latter condition
will be regarded as supernovae. ¥

According to this theory the outburst of a supernova is even more rapid
than is suggested by observation, which gives a time of about two days for the
rapid rise to maximum light. The explanation of the slower rise of the observed
light is clear, for the supernova will not emit appreciable energy in the visible
part of the spectrum until the material thrown off has expanded to an envelope
of dimensions large compared with the radius of the star. As the envelope
expands high frequency radiation is degenerated and the proportion of light
emitted in the visible spectrum increases. Thus the time taken for the light
emitted in the visible spectrum to reach its maximum is associated with the time
required for the expansion of the envelope and is not directly connected with the
time-scale of the instability process (provided this time-scale is less than the time
required for the expansion of the envelope).

If a star becomes rotationally unstable before the point E in Fig. 1 is reached
then the equation of support (1) will be satisfied to a good approximation through-
out the collapse. This means that the state of rotational instability will be
approached gradually over a time that is of the order of, or greater than, a thousand
years. It seems likely that instability in this case will take the form of a series
of minor explosions rather than the star remaining completely stable until a state
of such violent instability is reached that an outburst of the supernova type
occurs. That is, the star will splutter as it slowly contracts. Thus the point E
divides collapsing stars into two groups. The first group of stars reach E and
undergo a catastrophic outburst, whilst stars not reaching E undergo a series of
minor explosions similar in character to the outbursts of an ordinary nova.

The existence of the point E in the T, p’-diagram provides a natural theory
of the difference between novae and supernovae. Moreover in this theory there
is no invention of an unspecified physical process in order to produce the energy
required for the material to be thrown off, since this energy is derived from the
gravitational potential energy of the star. In comparing the theory with observa-
tion it is therefore necessary that the magnitude of the gravitational potential
energy of the remaining stellar nucleus after outburst shall be greater than the
kinetic energy at infinity of the material thrown off. If Mu2/5-75Mg>1
the material thrown off has a mass comparable with }, and the remaining stellar
nucleus has a mass comparable with Chandrasekhar’s limit 575Mq /ui=M,,,
Thus if v is the velocity at infinity of the ejected material it is necessary that
Mw?/2 shall be of the same order but less than GM2/R. It is of interest to
apply this condition in the case of the supernova of 1054 A.D. The observational
data lead to the values M=15M, v==10® cm. per sec., R=10° cm.
Thus since 575M¢/u2=1-5Mp), it is seen that Mz?/2==1-5 x 10%° ergs while
GMZ/R=6x10% ergs. Accordingly the supernova of 10534 A.D. satisfies the
requirements of the theory of rotational instability.

* This may be compared with the Gamow-Schoenberg neutrino emission theory.
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The distribution of the elements in the solar system raises a question of
interest in relation to the present work. It is easy to see that the theory of the
synthesis of the elements given in Section 8, taken together with the theory
of the origin of the solar system recently proposed * by the writer, provides a
satisfactory explanation of this distribution so far as elements heavier than
helium are concerned. It is important to notice that this original planetary
material contains no hydrogen. The present hydrogen content of the solar
system is regarded as due to the sweeping up of interstellar hydrogen by the
envelope of planetary material. In order to consider this process quantitatively
let s be the radius of the original envelope of planetary material, ¢ the time required
for the condensation of the gaseous material into solid bodies, u the velocity of
the Sun relative to the interstellar hydrogen, and o the density of the interstellar
hydrogen. Then the amount of hydrogen acquired by the planetary system is
of order

mwsiout.
A recent investigation by the writer suggests that # must be of order 3 x 108 years,
With this value for ¢, and s =3 x 10 cm., 6 =10"22 gm. per cm.?, #=2 x 10 cm.
per sec., we obtain a mass of hydrogen amounting to about twenty per cent. of
the total mass of the planets. This is of the required order of magnitude.

St Johr’s College,

Cambridge :
{1946 April 5.

* F. Hoyle, Proc. Camb. phil. Soc., 40, 256, 1944; M.N., 105, 175, 1945.
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